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ABSTRACT

This report describes the theoretical development of
Statistical Energy Analysis (SEA). The historical develop-
ment of the subject and an extensive annotated bibliography
are included to add perspective to the technical discussions.
Those aspects of random vibration theory are reviewed first.
Then, the coupled vibration of randomly excited resonators
is discussed. Using these results as a basis, the SEA model
of coupled systems is introduced, and the consequences of
the model are derived. From these basic relationships, a
scheme for the prediction of vibration levels in coupled,
randomly excited, resonantly vibrating systems is developed.
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I I

CHAPTER 1. THE DEVELOPMENT OF STATISTICAL ENERGY ANALYSIS

1.0 Introduction

This report is a presentation of the basic theory and pro-
cedure for application of a branch of study of dynamical
systems called Statistical Energy Analysis, which we shall
refer to as "SEA". The name SEA was coined in the early
1960's to emphasize certain aspects of this new field of
study. Statistical emphasizes that the systems being studied
are presumed to be drawn from statistical populations having
known distributions of their dynamical parameters. Ener
denotes the primary variable of interest. Other dynamical
variables such as displacement, pressure, etc., are found from
the energy of vibration. The term Analysis is used to empha-
size that SEA is a framework of study, rather than a par-
ticular technique.

Statistical Vibration Analysis. Statistical approaches
in dynamical analysis have a long history. In mechanics, we
are most familiar with their application to the vibration that
is random in time of a deterministic system. We shall use
this analysis in parts of Chapters 2 and 3. It is useful to
emphasize here that the important feature of SEA is the
description of the vibrating system as a member of a statistical
population or ensemble, not whether or not the temporal be-
havior is random.

Traditional analyses of mechanical system vibration of
machines and structures have been directed at the lower few
resonant modes because these modes tend to have the greatest
displacement response in many instances, and the frequencies
of excitation were fairly low. Of course, the vibration of
walls and floors and their high frequency sound radiation have
been of interest for a long time, but mechanical and structural
engineers have been generally unaware of or unconcerned with
this work. The advent of fairly large and lightweight aero-
space structures, and their attendant high frequency broad-
band loads, has meant much more attention to higher order
modal analysis for purposes of predicting structural fatigue,
equipment failure and noise production.

A characteristic of higher order mode analysis, however,
is basic uncertainty in modal parameters. The resonance
frequencies and mode shapes of these modes show great sensi-
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tivity to small details of geometry and construction. In
addition, the computer programs used to evaluate the mode shapes
and frequencies are known to be rather inaccurate for the
higher order modes, even for rather idealized systems. In
light of these uncertainties, a statistical model of the
modal parameters seems quite natural and appropriate.

If there is cause for statistical approaches from the
nature of the dynamical problem, there is equal motivation
from the viewpoint of application. Mechanical and structural
dasigners are often faced with making environmental and
response estimates at a stage in a project where structural
..etail is not known. These estimates are made for the
qualification of equipments and the design of isolation,
damping, or structural configurations to protect equipment
and protect the integrity of the structure. Highly detailed
analyses requiring specific knowledge of shape, construction,
loading functions, etc., are not appropriate. Simpler
statistical analytical estimates of response to environment
that preserve parameter dependence (such as damping, average
panel thickness, etc.) are appropriate to the designer's
need at this stage.

Inspirations for the SEA Approach. There is experience
in dealing with dynamical systems described by random para-
meters. Two notable examples that have served as "touch-
stones" in early developments of SEA are the theory of room
acoustics, and statistical mechanics. Room acoustics deals
with the excitation of systems of very many degrees of free-
dom (there may be over a million modes of oscillation of a
good sized room in the audible frequency range) and the inter-
actions between such systems (sound transmission through a
wall is an example). The analyses are carried out using
both modal and wave models. The very large number of degrees
of freedom is an advantage from a statistical viewpoint --
it tends to diminish the fluctuations in prediction of
response. We shall show why this is so in Chapter 4.

Statistical mechanics deals witt the random motion of
systems with either a few or very many degrees of freedom.
However, it is random motion of a very special type, which
we may call "maximally disordered." In this state of
vibration, all modes, whether they resonate at frequencies
near each other or are far apart, tend to have equal energy
of vibration and to have incoherent motion. We must add the
proviso, "ignoring quantum effects." The energy of the
modes is, aside from a universal constant, the system tem-
perature. The state of equal modal energy is spoken of as

2



"equipartition of energy". In SEA, we sometimes make the
equipartition assumption for modes that resonate in the
same frequency band, but not for all modes.

Statistical mechanics, and its related science, heat
transfer, also teach us that thermal (random vibration)
energy flows from hotter to cooler systems, and that the rate
of flow is proportional to temperature (modal energy) dif-
ference. In Chapter 3, we show that this result also applies
to dynamical systems excited by broad band noise sources.
Not only that, but since we also show in Chapters 3 and 4,
that narrow band sources are equivalent to broad band sources
when system averages are taken, the result can be generalized,
with proper care, to pure tones.

The study of the statistical mechanics of electricalI circuits shows that a resistor at known temperature is
equivalent to a thermal reservoir (or temperature bath). The
interaction of the dynamical system with this reservoir is
represented as a white noise generator in circuit theory. We
can turn the argument around and say that a damper (mechanical
resistance element), in conjunction with a noise generator,
represents a thermal reservoir, and we should not be surprised
when certain "thermal" results develop from its analysis.

The Advantages and Limitations of Statistical Analysis.
One advantage of statistical analysis of systems may be seen
from the practical aspects of room acoustics. If one truly
has 106 modes to deal with, even the m.s. pressure associated
with ...ach, changing with time as the flute gives way to the
tympani, would be a hopeless mass of information to assimilate.
What one does instead is to describe the field by a few
Coherent features of the modal pattern (direct field and a
few early reflections) and the incoherent energy (reverberant
fiel.' totalled into a few frequency bands. Thus, instead of
106 measures of the sound field (which would be incomplete in
any case without the coherence data), we are able to describe
the sound field t..ffective,.y by 10-20 measures.

F The statistical analysis also allows for much simpler
description of the system, whether one describes the fie.id
by modes or waves. In the former case, modal density,
average modol damping, and certain averages of modal impedance
to sound sources are required. In a wave description, such
parameters as mean free path for waves, surface and volume
absorption, and general geometric configuration are required.
The number of input parameters is generally in balance witfi
the number of measures (10-20) to be taken.
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The most obvious disadvantage of statistical approaches
is that they give statistical answers, which are always subject
to some uncertainty. In very high order systems, this is not
a great problem. Many of the systems we may wish to apply
SEA to, however, may not have enough modes in certain frequency
bands to allow predictions with an acceptable degree of cer-
tainty. Tr) keep track of this, we may calculate the variance
as well as the mean, and also calculate the confidence for
prediction intervals. This is discussed in Chapter 4.

In addition to hard and fast computational problems,
there are certain difficulties in the psychology of statistical
methods. A designer is not dealing with a gas of compl.icated
molecules in random collision -- he is concerned about pre-
dicting the structural response of a wing, for which he has
engineering drawings, to a loading environment, for which he
has flight data. Instead of following a deterministic cal-
culation (probably computer based) it is suggested that hewill get a "better" estimate if he represents the wing as a
flat plate of a certain average thickness and total areal
His incredulity may be imagined. But he must remember that
his knowledge of the wing at the 50th mode of vibration may
be just as well represented by the flat plate as it is by
his drawings. Also, the answers he gets by SEA will be in a
form that is usable to him, generally retaining parameter
dependence that will allow him to interpret the effect of
certain simple design changes on response level.

To close this introductory section, it may be revealing
to quote from M.L. Mehta, a theoretical physicist concerned
with applying statistical methods to large nuclei.
"Statistical theory does not predict the detailed level se-
quence [resonance frequencies] of any one nucleus, but it
does describe the...degree of irregularity...that is expected
to occur in any nucleus .... Here we shall renounce knowledge
of the system itself...There is a reasonable expectation,
though no rigorous mathematical proof, that a system under
observation will be described correctly by an ensemble
average.... If this particular [system] turns out to be far
removed from the ensemble average, it will show that...[the
system]...possesses specific properties uf which we are not
aware. This, then, will prompt us to try to discover the
nature and origin of these properties." The problems we
face seem to be universal.
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1.1 A Brief Historical Surve.'

Beginnings. The earliest work in the development of
SEA as an identifiable entity were two independent calculations
in 1959 by R. H. Lyon and P. W. Smith, Jr. In England, on
an NSF postdcctoral fellowship, Lyon calculated the power
flow between two lightly coupled, linear resonators excited
by independent white noise sources. He found that the power
flow was proportional to the difference in uncoupled energies
of the systems and that it always flowed from the system of
higher to lower modal energy.

The other calculation was by Smith at BBN working under
U.S. Air Force support. Smith calculated the response of a
resonator excited by a diffuse, broad band sound field, and
found that the response of the system reached a limit when
the radiation damping of the resonator exceeded its internal
damping, but that this limit did not depend on the precise
value of the radiation damping.

This result of Smith's was somewhat surprising since
many workers regarded an acoustic noise field simply as a
source of broad band random excitation. When a resonator,
excited by broad band noise, has its internal damping reduced
to zero, the response diverges, i.e., goes to infinity. The
limit involved in Smith's result was of course due to the
reaction of the sound field itself on the resonator.

After Lyon joined BBN in the fall of 1960, it developed
that Smith's limiting vibration amounted to an equality of
energy between the resonator and the average modal energy of
the sound field. The two calculations were consistent, and
power would flow between resonators until equilibrium would
develop. If the coupling were strong enough compared to
internal damping, equipartition would result. But how
specifically did the wave-field result of Smith relate to
the two-mode interaction that Lyon had studied?

To answer this question, Lyon and Maidanik wrote the
first paper that may be said to be an SEA publication, although
the name SEA had not then been coined. This paper combined
Lyon's work in England with extensions to make it able to deal
with the kind of problem Smith had analyzed. Formulas for
the interaction of a single mode of one system with many
modes of another were developed,and experimental studies of
a beam (few mode system) with a sound field (multi modal

5



system) were reported. This work also showed the importance
of the basic SEA parameters for response prediction: modal
density, damping, and coupling loss factor.

Early Extensions and Improvements of the Theory.
Almost immediately, the activity in SEA split along two
lines. One line was the clarification of basic assumptions
and improvement in the range of approximation to real
system performance. The second line was the application cf
SEA to other systems. The earliest application was to sound-
structure interaction, largely a result of Smith's work, but
also because it seemed "obvious" that SEA would work best
when a sound field, with all of its many degrees of freedom
was involved. Very soon, however, applications were also made
to structure-structure interactions.

One basic assumption in SEA had to deal with light
coupling. How much of a restriction did this represent?
Also, what were the uncoupled systems? Two independent
studies, by Ungar and Scharton, showed that the light
coupling assumption was unnecessary if the uncoupled systems
were defined as tha blocked system, meaning that the other
system was held fixed while the system being considered was
allowed to vibrate. Also, the energy flow relations were
valid whether one was using the "blocked" energies of the
system as the driving force or the actual energy of each
subsystem with the coupling intact. Of course, the con-
stant of proportionality would be different for these two
calculations.

The question of quantifying the uncertainty in the
prediction of energy flow was examined by Lyon, who developed
a theory of response variance and prediction intervals for
SEA calculations. The calculation of variance for structure-
structure interactions in which relatively few modes
participate in the energy sharing process was first included
in a paper by Lyon and Eichler.

An important extension of the two system theory was
made by Eichler, who developed predictions from energy
distribution for three systems connected in tandem. The
practical application of SEA often involves the flow of
vibratory energy through several intervening "substructures"
before it gets to a vibration sensitive area. It is
impcrtant, therefore, to be able to predict the energy dis-
tribution for such cases.

6



Improvements in Range of Application. The earliest
work on structure-structure vibration transmission was under-
taken with Air Force sponsorship and was concerned with
electronic package vibration. An early paper on this topic
by Lyon and Eichler dealt with plate and beam interaction,
very similar to an example discussed in Chapter 4, and two
plates connected together. A subsequent paper on a three
element, plate-beam-plate system by Lyon and Scharton made
use of the earlier formulation of three element systems by
Eichler and some plate edge-admittance calculations, also
by Eichler.

The basic SEA theory was pretty much directly applicable
to these new systems. The major problem was evaluation of
modal densities and coupling loss factors for various inter-
acting junctions between systems. For example, the
radiation of sound by reinforced plates was evaluated by
Maidanik, and a similar study of the radiation of sound by
cylinders was undertaken by Manning and Maidanik. We have
already mentioned the plate-edge admittance calculations of
Eichler. These, along with earlier (pre-SEA) calculations
of force and moment impedanceF of beams and plates have
allowed a wide variety of structural coupling loss factors
to be evaluated. Quite Lecontly, a series of soil-foundation
impedance evaluations by Kuzzweil allows one to apply SEA to
certain structure-ground vibration problems.

Modal densities of acoustical spaces have been studied
for quite a long time. Also, the modal densities of some
flat and curved panel structures pre-date SEA. However, the
activity in SEA has motivated work in modal density evaluation.
For example, the modal density of cylinders has been studied
by Heckl, Manning, Chandiramani, Miller, and Szechenyi. The
modal density of cones has been calculated by Chandiramani,
and by Wilkinson for curved sandwich panels. Generally,
modal density prediction has not been as difficult as the
calculation of coupling loss factors.

Understanding and prediction of system damping has
improved very little over the years since SEA began. In most
part, the improvements that have taken place were not
particularly related to SEA work, although the work by Heckl
on plate boundary absorption and by Ungar and Maidanik on
air pumping along riveted beams were generally related to
SEA. Despite this work, our ability to predict damping in
built-up structures is still based largely on empiricism.
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Other Developments. We should also note certain
developments that might be termed "sword into plowshares"
activity. Most early applications of SEA have been aerospace
related because that is where the problems have been (and
still are) and DOD and NASA were paying the bills. There
have been recent applications of SEA to certain architectural
and building problems that are worthy of note. In England,
Crocker and his associates have carried out studies of sound
transmission through double septum walls, following up on
some earlier work by White and Powell. More recently, Ver has
applied SEA to the prediction of sound transmission through
floors consisting of a main slab with another lighter slab
floated on many small point springs. Rinsky has also studied
sound transmission through double and single stud-reinforcedwalls using SEA.

Finally, the attempts to better understand the theoretical
basis for SEA and the limiting effect of its assumptions on
the range of applications has continued. The most notable
effort along these lines has been by Bogdanoff and Zeman.
Other work includes a recent thesis by Lotz and calculations
comparing ideal deterministic with averaged systems by
Scharton, Manning and Remington. So far, the attempts at
further reducing the number of assumptions that one must make
in SEA have not been very effective, but we must not be dis-
couraged by this. Every step, even the small ones taken to
this point, have been very productive in extending the reach
and usefulness of SEA.

1.2 The General Procedures of SEA

In the following chapters, we will derive the basic
equations of SEA and give motivation for the modeling ana
computational procedures. To provide an overview of this
process, however, in this section we describe the way that
SEA calculations are made, and the steps that are necessary
to arrive at a prediction of response. Hopefully, this
will provide a framework for a better understanding of the
purpose of the later chapters and how the various elements
of SEA fit together.

Model Development. In its simplest elements, SEA
results in a procedure for calculating the flow and storage
of vibrational energy in a complex system. The energy
storage elements are groups of "similar modes". Energy

8



input to each of the storage elements comes from a set of

external (usually random) sources. Energy is dissipated by
mechanical damping in the system, and transferred between
the storage elements. The analysis is essentially that of
linear R-C circuit theory with energy playing a role
analogous to electric charge and modal energy taking the
role of electrical potential. A typical SEA model is drawn

in Fig. 1.1 and the analogous electrical circuit that might
be used to represent it is shown in Fig. 1.2. We shall not
make direct use of this electrical analogy in this report,
but rather directly work with the simultaneous equations.

The fundamental element of the SEA model is a group of
"similar" energy storage modes. These modes are usually
modes of the same type (flexural, torsional, etc.) that
exist in some section of the system which we may call a "sub-
system" (an acoustic volume, a beam, a bulkhead, etc.). In
selecting the modal group, we are concerned that it meets
the criteria of similarity and significance. Similarity
means that we expect the modes of this group to have nearly
equal excitation by the sources, coupling to modes of other
subsystems, and damping. If these criteria are met, they
will al'o have nearly equal energy of vibration. Significance
means that they play an important role in the transmission,
dissipation, or storage of energy. Inclusion of an
"insignificant" modal group will not cause errors in the cal-
culations, but may needlessly complicate the analysis.

Input power from the environment, labelled H n' may
result from a turbulent boundary layer, acousticaI noise, )r
mechanical excitation. It is usually computed for some fre-
quency band, possibly a one-third or full octave band. In
order to evaluate H. , we need to know certain input
impedances for the ibsystem. The important requirement is
that this input power not be sensitive to the state of
coupling between subsystems. If it is, then the system pro-
viding the power (a connecting structure for example) has

important internal dynamics and should be modeled as another
subsystem.

The dissipation of power for each subsystem bR oa
represents energy truly lost to the mechanical vibsytlon and
will depend only on the amount of energy stored in that sub-
system. It may be truly dissipated by friction or viscosity,
or it may be merely radiated away into the air or surrounding
structure. The important proviso is that this power cannot
be returned to the system. If it can, then it is part of the
power flow through coupling elements and will require the
addition of another subsystem or coupling path to the diagram.

9



The transmitted power 112, represents the rate of energy
exchange between subsystems I and 2. All energy quantities
that we deal with here arc time averaged values. There may
be very large temporal variations in power flow between the
subsystems, even larger than the average flow, but these are
ignored. The transmitted power depends on the difference in
modal energy of the two subsystems and the strength of the
coupling between them.

Parameter Evaluation. Evaluation of the quantities
that appear in Fig. 1.1 and that are discussed in the pre-
ceding paragraphs require the evaluation of certain para-
meters, which we may call SEA parameters, that mostly pre-
date SEA. We group them as "energy storage" and "energy
transfer" parameters. Energy storage is determined by the
number of available modes Nl, N2...for each subsystem in the
chosen frequency band Aw. The ratio of N to Aw is called
the modal density n of the subsystem and is frequently used
in SEA calculations instead of the mode count N.

Energy transfer parameters include the input impedance
to the system for the determination of input power, the lossIfactor, which relates subsystem energy to dissipated power,
and the coupling loss factor relating transmitted power to
subsystem modal energy. In the following paragraphs we pro-
vide a brief indication of how these parameters are usually
evaluated.

Modal density may be measured by exciting the subsystem
with a pure tone and gradually varyinq the frequency. As a
resonance is encountered a maximum in response will occur.
If a chart of response amplitude as a function of frequency
is drawn, these peaks may be counted. This technique may
miss some modes and is, therefore, not perfectly reliable.
Experimental methods have been devised to reduce the number
of modes missed, but the error cannot be completelyeliminAted.

The most commonly used way of evaluating modal density is
simply to calculate it from theoretical formulas. Most
systems have modal densities that may be calculated in terms
of relative]y simple gross parameters, such as overall
dimensions, dnd the average speed (: waves in the system.
A few examples of tae calculation of hodal density are given
in Chapter 2.
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The dissipation of energy is measured by the loss
factor of the system (defined in Chapter 2). Unless the dis-
sipation mechanism is of a very particular type, it is more
reliable to measure the loss factor than it is to calculate
it. This is done by measuring the rate of energy decay in
the system when the excitation has been removed, or by
measuring the response bandwidth of individual resonance
peaks. The relation of both of these measures to the lossIfactor is developed in Chapter 2.

The input power from the environment is sometimes
measured, but more often calculated. It may be measured by
isolating the subsystem of known damping (loss factor) and
observing its response to the environment. By equating input
to dissipated power, Hin is known. The input power may be
calculated by evaluating the load exerted on the subsystem
by the environment and the impedance of the subsystem to this
load. Such calculations may be quite involved, but a simple
example is given in Chapter 2 for flat plates excited by a
point force.

The coupling loss factor is the parameter governing
transmitted power. It is defined in Chapter 3 and has been
measured for some systems, although it is often calculated.
It is also related to quantities that may have been cal-
culated or measured for other reasons - the junction
impedancej of mechanical systems, the transmission loss of
walls, the acoustic radiation resistance of a piston, and
other similar measures. Since it in general depends on both
subsystems, and the variety of systems of application for
SEA is very large, the number of coupling loss factors that
we may be concerned with increases as the square of the
number of subsystems on the list. The better strategy would
appear, threfore, to express the coupling loss factor where
possible in terms of subsystem impedances, as we have done in
Chapter 3, and then list the impedances.

Calculation of Response. After the model has been
decided upon and the parameters evaluated, the final step
is to calculate the response. The first part of this cal-
culation is the evaluation of the vibrational epergy in the
various energy storage elements or mode groups. As noted
above, this amounts to solving a set of linear algebraic
equations, one equation to each subsystem. A simple
example is worked out in Chapter 3. These average energies
will depend on the various input power values, the modal
densities, and the coupling and dissipative loss factors.

11
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On the basis of the formalism adopted in Chapters 3 and
4, the most direct relation between vibrational energy and
another dynamical variable is with the velocity of motion.
By formulas developed in the analysis, the velocity may in
turn be related to still other variables -- displacement,
strain, stress, pressure, etc. These variables are still
forms of a spatially averaged response. However, on the
basis of system geometry and mode shapes, estimates can also
be made of the spatial distribution of response.

The variability just referred to occurs even with the
SEA assumption of equal energy for every mode in the sub-
system. In addition, however, there is variability because
we deal with a particular system in the laboratory, not an
ensemble of systems. As noted in the introduction to this
chapter, the ensemble average will not fit each member
exactly, and we may expect some variation in the various para-
meters that we have been discussing. The analysis of these
variations is an important part of the response prediction
process and tells us how much reliance we may place on a
response estimate based on the average behavior. The dis-
cussion of this topic is developed in Chapter 4.

1.3 Future Developments of SEA

The future development of SEA is, in large part, likely
to be a continuation of certain features of its development
to date, i.e., its application to a larger group of sub-
systems. This group will surely include new structures and
seismic (ground vibration) systems, and possibly water
waves and ship or offshore structures. Such applications
will increase the glossary of SEA parameters and make SEA
even more useful than it has been until now.

The wider use of SEA is also likely to involve a larger
group of professionals within each subject area. This means
that research workers and analysts, test engineers, and
designers are all likely to use it as one tool among many
that are available for dynamical analysis. We may expect to
see SEA become more computerized, not only for the purpose
of solving the simultaneous equations governing response
energy, but also for evaluating coupling loss factors for
very complex structures using finite element methods.
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Finally, we may expect to see developments in the basic
theory of the statistical analysis of systems that will
greatly expand the conceptual framework of SEA. To be more
specific, let us see how SEA has expanded upon the framework
of statistical mechanics, and what may develop in this regard
in the future.

Statistical mechanics represents the most disordered
state of motion possible for a system. Every mode through-
out the system has the same average energy. This includes
modes in different subsystems and those that resonate at
different frequencies. Thermodynamics is the macroscopic
counterpart to this totally equilibrium system of analysis.

The possibility for different temperatures in different
parts of a system is allowed in the kinetic theory version
of statistical mechanics and in "non-equilibrium" thermo-
dynamics. The modes within each subsystem all have the same
energy, but the average modal energies of the subsystems
may be different.

This latter situation is the one we deal with in SEA,
except that we proceed even farther from equilibrium by
allowing modes in different frequency bands to have differing
energies. Basically, we can get away from this because tfe
systems that we deal with are presumed linear, and modes that
resonate in different frequency bands may be considered to
be uncoupled from each other. Thus, SEA represents still
another step away from the "maximally disordered" state
described by statistical mechanics.

At this poin, it it logical to ask whethe there is!
another step to be made in this sequence toward a mode
that is less disordered than the current SEA model that would
provide use with useful answers in situations in which SEA
has limitations. One alswer might be -- forget about this
chain of logic, go all t' -way back to the deterministic
system. That is a possible answer, but it may not be the
most useful one.

The most glaring deficiency of SEA is its inability to
deal with modal coherence effects. In simplest terms, modal
coherence may lead to such phenomena as "direct waves,"
discussed in Chapter 2. It is not clear at present whether
this represents the "next logical step" in the chain that
we spoke of, but it bears examination.
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A second deficiency of SEA is its assumption that all
modes that resonate in Aw are equally probable over that
interval, and that their resonance frequencies are unaffected
by the values of the resonance freauencies of the other modes.
There have already been some developments on improving upon
this hypothesis and we may expect more. We are on more solid
ground in predicting developments here than we are in our
concern for modal coherence effects.

1.4 Organization of the Report

This report is concerned with presenting the basic
theoretical elements of SEA. We may cite these as:

(1) The theory of energy exchange between two
resonators. This is a problem in random
vibration theory.

(2) The extension of the two resonator inter-
action to the interaction of two systems
having modal behavior. This extension
requires that we introduce the basic idea
of statistical populations of systems.

(3) The representation of system interactions
by the SEA model with the attendant necessity
to identify and evaluate SEA parameters.

(4) The calculation of average energy. This is
exemplified by applying the formulas to some
fairly simple cases.

(5) The calculation of variance in response and
the use of variance to generate estimation
intervals and their associated confidence
coefficients.

Since the emphasis in the report is the explication of
SEA, we have included generous discussion of the ideas of
energy storage and transfer, statistical ensembles of systems,
isolated vs. coupled systems, etc. Our intention is to pro-
vide the mo3t clear cut statement on these matters that can
be made at present. The reader will have to decide how well
we have succeeded.

14



Since our attention is on SEA, however, we do not spend
time on other subjects that we employ in the various
examples. Thus, for example, we use the equations of bending
motion of plates and beams, but we do not derive them. We
also use certain input impedances to beams, plates and sound
fields, but these are not derived. For the most part, such
derivations are readily available to the student, and in
any case, in the annotated bibliography, guidance is given
to where this information may be found.

The reader will notice that no references are given in
the text, which is an unusual procedure for a report. In
adopting this procedure, we do not wish to deny credit to
anyone, rather we have followed regular textbook practice of
providing a bibliography, but not breaking the presentation
with references. Partly this procedure is a matter of self-
discipline; sometimes it is very tempting for an author to
try to avoid a difficult matter by slipping in a reference.

Chapter 2 deals with some fundamental ideas in the
energy of vibration of single and multi degree of freedom
systems. The storage of kinetic and potential energy by
modes in free and forced vibration, and the decay or rate
of energy removal due to damping are discussed, partly as a
review of this important subject and partly to establish
some of the basic vocabulary of the work to follow. Also,
since both modal and wave descriptions of vibration are
employed, energy storage, dissipation, and flow in a wave
description are reviewed also.

Chapter 3 is concerned with developing the theory of
average power flow (average in both a temporal and ensemble
sense) between single and multi degree of freedom systems.
First, power flow between two simple resonators is calculated.
The important ideas of a blocked system is introduced and
power flow is calculated in terms of both blocked and coupled
system energies. The idea of averaged modal interaction as
a white noise source is also introduced.

The latter sections of Chapter 3 are the central to our
discussion. The very important ideas of blocked systems,
ensemble averages of system interactions, and the definition
and use of the coupling loss factor are introduced here. The
use of reciprocity for development of certain useful
relations for evaluation of the coupling loss factor is also
discussed. The chapter ends with some elementary applications
of the SEA relations.
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Chapter 4 completes this part of the report and is
concerned with the problems of estimating response, based on
the average energy distribution calculations. The first part
of this problem is estimating response variables of more
particular interest than energy -- displacement, stress# etc. I
The second is the development of estimation intervals and
their associated confidence coefficients, particularly when
statistical analysis of variance indicates that the
standard deviation is an appreciable fraction of the mean.

16
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CHAPTER 2 ENERGY DESCRIPTION OF VIBRATING SYSTEMS

2.0 Introduction

This report is concerned with the exchange of energy in
coupled vibrating systems. This chapter introduces the use of
energy variables in describing the vibration of systems.
Common ways of analyzing such systems employ modal oscillator
or wave descriptions of the motion. A major goal of this
chapter is to show how energy analysis applies to both of
these models and how certain relations between them are re-
vealed by the use of energy variables.

The chapter considers free vibration and both sinusoidal
and random excitation of vibrating systems. This is a very
large topic, but we are only inter,.sted in certain aspects of
it. We specialize our interest to linear systems and to some
interesting measures of response that are particularly re-
lated to vibrational energy. These measures are mean square
response, spatial and temporal coherence and admittance
functions.

The chapter begins with a discussion of the energetics of
modal resonators in free vibration. The cases of sinusoidal
and random excitation are studied next. The role of damping
in causing decay of free vibration and bandwidth in forced
vibration is of particular interest. Systems having many
modes of vibration are studied next, and the notions of modal
density and average admittance are introduced. At this point,
the very important and pervasive idea of statistical modeling
of real systems is introduced for the first time.

Vibrating systems modeled as collections of free and
forced waves are introduced next. Certain concepts unique to
such a description like energy velocity and wave impedance
are introduced. Descriptors that are common to wave and modal
descriptions such as mass and damping are also discussed. In
paragraph (2.4) of this chapter, we point out some relation-
ships between modal quantities, such as modal eensity and
their wave descriptor counterparts, such as energy velocity.

The goal in this mode-wave interplay is to develop a way
of thinking about vibrating systems that allows one shift
back and forth between these two viewpoints, exploiting the
one that is best suited to the problem at hand.
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2.1 Modal Resonators

To begin our discussion, we examine the energetics of
the simple linear resonator shown in Fig. 2.1. We shall
show later in this chapter that this system is a useful modelof the dynamics of the modal amplitudes of multi-degree-of-

~freedom (dof) systems.

The dashpot or mechanical resistance R in Fig. 2.1~produces a force, -- Ry, opposite in direction to the
velocity y of the mass M. The spring or stiffness elementK produces a force -- Ky opposite in direction to displace-
ment y from the equilibrium position of the mass. These
forces, in combination with the force (t) applied by an

external agent, results in an acceleration of the mass.

X(t) - R- - My,

or, more conventionally,

y + W0 n§ + W2 y = X(t)/M (2.1.1)

where w ARTM (natural radian frequency) and n E R/w0 M
(loss factor).

Free Vibration - No Damping. To study the case of free
vibration, we set k(t) = 0 in Eq. (2.1.1). For the moment,
we also neglect damping by setting n = 0. We then have

y + Wy = 0, (2.1.2)

which has the two solutions cos w 0t and sin w0t. The general
solution, therefore, is

y + A cos w0t + B sin w0t = C sin (w0t+O) (2.1.3)
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IWe say that -0 - 2rf? is the radian frequency of free, un-

damped oscillation of the resonator. The amplitudes A and
B (or C and 0) are real numbers but otherwise arbitrary. They
are determined if y and y are known at any time.

The kinetic energy of the mass at any time is

KErn M i 2 = MC2W2 COS2 W (t + * (2.1.4)
0 0

and the potential energy in the stiffness element is

PE -1 Ky = y' KC2 sin2(W0 t + 0) . (2.1.5)
2s2 ( 0 t

The sum of these is

E - KE + PE KC2

which is time independent and dependent only on the peak
amplitude of vibration. Since we have an isolated system
vibrating without damping, it is evident that its vibrational
energy should not vary in time.

The diaplacement and velocity repeat themselves in a
period 1/fo . If we average the kinetic energy and the
potential over such a period, we get

<KE> = <PE> = K E (2.1.6)

Thus, the time average kinetic and potential energies are both
equal to 1/2 of the energy of vibration. We shall make con-
siderable use of this relation in the work that follows.
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Free Vibration with Damping. When damping is present,
then T i0 and we have

+ n + y (2.1.7)

and if we assume a form of solution y " e t, we find that
a must equal one of the two values

1iAa 2 +~'~ d (2.1.8)

where wd w o0 /1" /4" The solution for y(t) in this case
is then V

y(t) - C e- i0t sin(wdt + *). (2.1.9)

In this case, the oscillation occurs at radian frequency wd
and the amplitude of the oscillations decreases cxponentially
in time due to the extraction of energy by damping. If the
loss factor n is 0.5 or smaller, then wd is very nearly equal
to wo and the period of damped oscillations is essentially the
same as that for undamped oscillations.

The potential energy of vibration in this case is

1 2 = 1

PE = K y = KC2 e-wOntsin2wdt + ) (2.1.10)

The kinetic energy is a little more complicated. It is
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My~ W Mwe~l ~;Cos (Wdt +)

12

+ sin (wdt + (2.1.1)

These expressions simplify considerably if we average over a
cycle of oscillation, neglecting the slight change in
amplitude in this period due to the exponential multiplier.
The result is

<P> KC2ewofnt - <> - 1 <E> (2.1.12)

In free damped vibration, for which n < 0.5, we have the same
relations between kinetic, potential, Ind total energy that we
obtain for undamped vibration. Note that for both damped and
undamued vibration

<y2> = <i 2>P /wo. (2.1.13)

The loss factor n is simply related to other standard
i1easures of damping. For example, by its definition, n=l/Q,
where Q is the resonator quality factor, much used in
electric engineering. Fzom Eq. (2.1.9), the amplitude decays
as e- t/T  and, therefore,rn is the logarithmic decrement
(nepers per cycle). Finally, the oscillations cease when

- 2 so that n is twice the critical damping ratio.

From Eq. (2.1.12), we have

= Ee 0nt (2.1.14)
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A measure of damping widely employed in acoustics is the
reverberation time TR , which is the time required for the
vibrational energy to decrease by a factor of 10-6. Thus,

e-WO n TR 10 - 6

which results in

- 2.2TR f on

Sinusoidal Forced Vibration. If the applied force X(t)
in Fig. 2.1 is sinusoidal at radian frequency w, then it is
convenient to use the exponential form

i(t) - ILIcos(wt +i) = Re{ILlexp[-iwt-if] (2.1.16)

where Re {... means "real part of". The dynamical equations
are linear and one can, therefore, consider response to the
actual excitation as a combination of (complex) response to the
complex excitation and its complex conjugate. This means that
we may express the response variables in terms of complex
exponentials also.

Accordingly, without loss of generality, we describe the
complex force and velocity as

X(t) + L e' it

y(t) V e- (2.1.17)
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where L and V are complex numbers of the form Lle -i*

and IVIei, respectively. Differentiation and integration
of these functions is particularly simple

d i(t) iw L =-~ i £
-it

Mdt - (-i) L e = /(-i) (2.1.18)

Substituting for X and y in Eq. (2.1.1), we obtain

L - V(-iw0M) {(W/W0-W0/W) + in) F VZ (2.1.19)

where Z is mechanical j .ance of the resonator. This can
also be expressed by an ddmittance Y = l/Z,

V/L E Y = {won M -i(wM - K/w) (2.1.20)

Since the magnitudes of L and V are the peak force and
1,,locity, we can graph Eq. (2.1.20) as shown in Fig. 2.2.

The.average power supplied to the resonator by the source
is R M<ky>t" When variables are described as complex variables,
the time average of their prc ict is easily expressed by their
-omplex amplitudes, ds follow.:

Re (7,V*) ILl2 Re(Y)*

M Iv12  Re (Z) . (2.1.21)
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where ( )* denotes the complex conjugate. Since

Re(Y) RE(1/Z) =RE(Z)/1Z 12 = M I , (2.1.22)

the input power has the frequency dependence shown in Fig. 2.2.
The maximum value is 11-1/2ILl 2/won M - <L2 >t/R, the dissipation
of a system with a resistance only.

At frequencies w#/K7 , the power diminishes, reaching
1/2 its value when

1 1
iYi 2 = l2(w0 nM) (W 1nm)tl+(W,-W )'fW, wlnzJ(2.1.23 )

which occurs when w -W + w n/2 (assuming n < 0.3), as
shown in Fig. 2.2. Thele freq;encies are both The limits for
half-power and the boundaries for simple forms of dynamical
behavior. When w < w0 (l-n/2), the admittance is adequately
represented by neglecting R and M and keeping the stiff-
ness term only

Y- - [ < W0(l-n/ 2 )] (2.1.24)

we denote this region as "stiffness controlled".

For frequencies w < w (l+n/2), the admittance is usefully
approximated by the mass t2rm only

Y - i/wM [W > W0 (l+n/2)] (2.1.25)

The region is called "mass controlled". The intermediate
region is called "damping controlled". These regions are
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noted in Fig. 2.2 also. These simplified limiting forms of
behavior of the resonator are of great importance in our
consideration of systems with many degrees of freedom.

It is possible to discuss sinusoidal excitation very
extensively, and this is done in many textbooks. For our
purposes here, however, we will only note some simple
relations. First note that the relative phase of the
velocity k with respect to the force f is the phase of the
admittance function Y, which is the same as the phase ofZ*,

Arg{z*} = tan-1 {w - w/c1/W0ni

= tan-1 I2(NW- 0)/W0 l. (2.1.26)

It is clear from this that the phase is changing rapidly as the
system goes through resonance-the more quickly the smaller the
damping. This is in contrast to the behavior of the amplitude
which has a horizontal slope at w=wo. For this reason,
resonance can frequently be more accurately determined from
examination of the phase rather than the amplitude of response.

The second point is concerned with mean square response
at resonance:

<j2 IV2 1 2 12) n 2  (2.1.27)
2 iwt 7-i0

Since y = (V/-iw)e and y =-iw V e i~, then when

< 2> JVI 2/W2 <ij2>/W2

=0 0

<y1,- = W 2v12 W <j2<' (2.1.28)
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the same relations as found for free vibrations. These
relations do not hold outside the damping controlled region,
however, but they do hold to an acceptable degree of accuracy
for !W - wol < 1/2 won.

Random Excitation. Most of the applications of SEA that
concern us are situations in which the excitation by the load-
ing environment is random. We should emphasize here, however,
that the critical feature of SEA is that we assume a
statistical model for the system being excited, not necessarily
for the excitation. Thus, it is perfectly proper to apply SEA
to systems excited by pure tones if a statistical model of the
system and the description of its response using energy
variables are appropriate. Nonetheless, the existence of
random excitation generally means that much less averaging
of system parameters is necessary and consequently less
variability of response from the calculated mean in any
particular situation may be expected.

There is no single satisfactory definition of a stationary
random signal from all viewpoints, but one that has particular
appeal from an experimental viewpoint can be readily developed.
Imagine a filter having the frequency response shown in
Fig. 2.3 and that the load function 1(t) is applied to the
input of this filter. Now let the bandwidth Af of the filter
become very small. If the mean square output of the filter
becomes proportional to Af, then the force L(t) is random.
Note that a pure tone does not satisfy this rbquirement since
the mean square output would be independent of band\vidth as
long as the frequency of the tone were in the pass band of
the filter. A similar statement can be made for any
deterministic, periodic signal.

This statement not only supplies a definition of a
stationary random signal that fits out intuition and is
mathematically respectable, it also provides a direct
indication of how the frequency decomposition of random
signal is effected. The mean square (m.s.) force corresponding
to the band of frequencies is, therefore:

<X2> - Sk Af (2.1.29)

Sk being the factor of proportionality. It is usually the
case that this proportionality factor depends on the center
frequency f, so it is written SOO, and it is called the
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power spectral density (psd) of the random variable i(t).

Let us suppose that the psd of £(t) has been determined
for all values of f and the result has been plotted as in
Fig. 2.4. We also suppose that X(t) is applied to two filters
like the one in Fig. 2.3, except they are centered at fre-
quencies fl and f 2 " We now combine the output of the two
filters to yield

<X2 > = S (f I ) Lf + S (f 2) Af , (2.1.30)

since the mean squares of two time functions containing
different frequency components are simply added together to
form the mean square of the sum. Proceeding in this way,
the mean square output of a filter that has unity gain from
frequency f1 to f2 is simply

fJ 2
<L2> -I Sk(f) df , (2.1.31)

or, if the filter has a gain G(f) instead of unity, the

dependence is

f 2

<V> f Sk(f) G(f) df. (2.1.32)
fl1

The total unfiltered m.s. value of the loading function is
found by setting f1 = 0 and f2 = w in Eq. (2.1.31).

Let us suppose that the loading force in Eq. (2.1.1) is
a noise excitation having a psd S, that is constant. Such a
noise signal is called "white noise". The m.s. force pro-
duced within a very narrow frequency band df is, therefore:

<X2>df S Sd4.. (2.1.33)
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The m.s. velocity response of the resonator to this force at
frequency f is given by

< 2>df = SXdf 1Y1 2  (2.1.34)

According to Eq. (2.1.32), therefore, the psd of y is given
(aside from a constant) by Fig. 2.2, and the total m.s.
velacity is found from

<j2> fSt!Yj2df = Sk fIJYI2df (2.1.35)

0o o

for white noise.

It is clear from the form of Fig. 2.2 that most of the
contribution to the integral in Eq. (2.1.35) will come from
the region denoted "damping controlled". This observation
leads to a useful concept of "equivalent bandwidth", A .
This is the bandwidth of a system with a rectangular pats
band (as in Fig. 2.3) that has a constant admittance deter-
mined by the damping along, Yeq = (w0nM)'I, that has the
same response to the white noise excitation that the actual
system does. Thus, by this definition,

< 2> =S 2 e(W0 nM)-2

(2.1.36)

1 -2 f dw
= - St( 0 M) 0 1+(W 2-W2) 2/i2  2

This integrand is simplified by changing variables to
=2(w-w 0)/A 0 and noting that the greatest contribution to

the integrand is at w=w0 or =O, Thus,
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0 -00

and, therefore,

A r f0 , (2.1.37)

We note that this bandwidth is greater than the "half power"
bandwidth in Fig. 2.2 by the factor of 7/2. The "replace-
ment" of the resonator by this equivalent filter becomes a
very useful approximation in many situations.

There is an alternative time domain definition of white
noise that is useful. In this case, we consider the force to
be made up of a series of impulses of strength ±a, occurring
randomly in time as shown in Fig. 2.5. When this excitation
is applied to the system in Fig. 2.1, the mass is given a
sequence of changes in velocity. Let each change in velocity
be AV - a/M. These occur randomly in time with raadom sign.
The corresponding change in energy of vibration is

LE - t{(y+Av)2-1)= M i A~V + 1 A) (2.1.38)

If we average this over a sequence of impulses, the term
<yAv> will vanish since a positive Av is just as likely as a
negative one. The average energy increment is, therefore,
1/2 M <AV>2 = a2/2M.

If the average rate of impulses per second is v, then the
power fed into the resonator is va2/2M. But this must also
equal the dissipated power <y2> w 0 M. We have, therefore,
an estimate for the m.s. velocity,

<2>= v a2/2 0n M2 a S£ Ae (W0 M) , (2.1.39)

31



which leads to S (f)=2va2, which is a constant. More im-
portantly, howevir, this relation gives us an additional
physical interpretation of the spectral density function for
white noise.

If we return to Eq. (2.1.36), the expression for m.s.
displacement is simply

-y;, S (WtflM) ~2 ~dw

0

(2.1.40)

and if the same assumptions are made regarding the level of
damping are made as previously, we get

<y2> < / 0 (2.1.41)

If we try to calculate the m.s. acceleration in the same way,
we run into difficulty, since the integral

ffmax

1 w2 dw2-S (TonM)f l+(222) /n 2W2 2
S00

(2.1.42)

will not converge as f ma y . For larae w, the integrand isma
simply WT 2 . We can so ve the problem by "subtracting out"
this pari, and obtain

<q2> = 2 <2> + S fmax/M2  (2.1.43)
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where the first term represents the damping controlled accel-
eration and second part is the mass controlled acceleration.
In most instances of random excitation, the resonant part will
dominate and we can simply use

<y2> = W0 <2 (2.1.44)

We have seen that free vibration and the resonant control-
led response to sinusoidal and random excitation all produce the
same relations between m.s. displacement, velocity and accel-
eration. This is very useful to us since it allows us to trans-
form frcm one response variable to another without concern for
the exact nature of the excitation as long as the general require-
ments of resonant dominated response for the validity of these
relations are met.

2.2 Modal Analysis of Distributed Systems

The systems of interest to the mechanical designer are
much more complicated than a linear resonator. In real
systems, the stiffness, inertia and dissipation are all dis-
tributed over the space occupied by the structure. A displace-
ment of the system that increases the potential energy is
resisted by the elastic restoring forces. A rate of change
in the displacement is resisted by the damping forces, and
these forces, along with the loading excitation cause acceler-
ation of the mass elements.

If we represent the generalized displacement of the
system Lij v, then an equivalent statement of the above is

p + ry + Ay = p, (2.2.1)

where P is the mass density, r is a viscous resistance
coefficient and A is a linear operator consisting of
differentiations with respect to space. In the case of a
flat plate, for example, o is the mass per unit area of the
plate and A = B ,4, where B is the bending rigidity. The
use of simple viscous damping is a valuable simplification and
does not affect the utility of our results as long as the
damping is fairly small.

When this system is bounded, with well defined boundary
conditions, the solution is frequently sought by expansion in
eigenfunctions n' which are solutions to the equation

1 A 2n = (2.2.2)
p n n
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where the functions On satisfy the same boundary conditions
that y does, and the quantities WA are determined by the
boundary conditions. The response and the excitation are
then expanded in these functions

y= E Y (t) n(x)
n n n

p/p = L M n (x) (2.2.3)
n

If we multiply Eq. (2.2.2) by 0. and integrate *ver the
region of the structure and subtractm from this the same
equation with the indices reversed, we get

f{m A'n - inA*m dx (w 2W ) pmP(x)on dx.

(2.2.4)

When n = m, this is satisfied in a trivial fashion. When
n~m, there are certain specific (but nevertheless very use-
ful) conditions under which the differential operator has
the property that

(0An - A dxm n n in

will vanish. This means that

J OMP On dx
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must vanish, a condition that is referred to as orthogonality
of the eigenfunctions Pm with a weighting function p.

A convenient normalization of the amplitude of the eigen-
functions is simply

1 f P dx E<min> p 6m,n (2.2.5)

which we may think of as a mass density weighted average of
the product WmPn • For systems in which the mass density
is uniform, this becomes a simple average over the spatial
coordinates.

If we now place the expansions of Eq. (2.2.3) into
Eq. t2.2.1), we obtain

P Z I+ + W 2 Y) *pZ(.26
"n ( n p n n n n m m Lm (2.2.6)

We can simplify this immediately if we also assume that r(x)
is proportional to p(x); r = Ap. We can do this on two
counts. To take a somewhat cynical view, since we have
introduced the damping in a rather ad hoc fashion, we can
feel free to configure it any way we like. The other basis
for the assumption is that research studies of this problem
have shown that the consequence of this assumption is to
ignore a degree of inter-modal coupling that is less
significant than other forms of coupling that we will be
concerned about.

We now multiply Eq. (2.2.6) by 1n(X) and integrate over
the system domain. Using Eq. (2.2.5), we obtain

M{Ym+AY +m 2Ym} = Lm(t) (2.2.7)
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Thus, each modal response amplitude obeys the equation of a
linear resonator of the sort discussed in paragraph 2.1. This
result, in conjunction with the spatial orthogonality of the
mode shapes according to Eq. (2.2.5), leads us to the concept
of a complex dynamical system as a group of independent
resonators of mass M, stiffness w M and mechanical resistance
MA.

Since there is a one-to-one correspondence between the
modes and the wn's, we can use the latter to keep track of
the mode*. An example should be helpfui here. For the two-
dimensional, simply supported, isotropic and homogeneous
rectangular flat plate of dimensions 11 by X2, drawn in
Fig. 2.6, the mode shapes are

nl7rx I  n2nx
n 2 sin 1 1 sin 2 X2  (2.2.8)

nlV2 12

and w 2 isn
2

n2 [(j (2 32
wd -+2 2

2
- (kI+k2)K 2 C2 kiC 2  (2.2.9)

where K is the radius of gyration of the plate cross-
section, ck = "'Tp/In is the longitudinal wavespeed in the
plate material, where Y is the plate Young's modulus and
Pm is the material density and n1 and n2 are integers.

Eq. (2.2.9) suggests a very convenient ordering of the
modes, which is shown in Fig. 2.7. By inspection, 4e can
see that each point in this "wave-number lattice" correspunds
to a mode. Further, the distance from the origin to that

36



point will determine the value the resonance frequency of
the mode wn. The main value of this ordering is that it
enables us for example to count the modes that will resonate
in some frequency interval. It will not always be as con-
venient as it is in this case, but the ordering by some
parameter is a necessary condition to allow us to do the
counting at all.

When the ordering indices form a lattice as shown in
Fig. 2.7, then each lattice point corresponds to an area
AAk=Tr2/Ap, where A =I 2 is the area of the plate. As we
increase the wavenmber from k to k + Ak, we include a new
area 1/2 irkAk. On the average, this will include 1/2 kAk/AAk
new modes. Thus, the average number of modes per unit
increment of wavenumber is

n ( kAk - k (2.2.10)n( 2AAk 2AAk

which we may call the modal density in wavenumber.

To find the modal density in frequency n(w), which tells
us how many modes on the average are encountered when we
increase frequency by 1 unit, we use the relation
n( w)A n(k) k, or

M k Ak irk
() = 2AAk AW - 2 cgAAk (2.2.11)

where we have used the result from elementary physics that
Aw/Ak is the group velocity for waves in a system that has a
phase velocity w/k.

For a flat plate, the group velocity c is twice the
phase velocity cb - w/k -a , so that t~e modal density
in cycles per second (hertz) is

= 2Tr2wA A A2
n(f)-n()y 4c b r c hc
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where we have used K = h/2 r3, the radius of gyration for a
homogeneous plate of thickness h. Note that the modal
density in this case is independent of frequency. As an
example, consider a plate that has an area of 10 ft. 2 and a
thickness of 1/8 in. (approximately 10_2 ft.). Then, since
C -17,000 ft./sec. (for steel or aluminum), we have

n(f)= 1 7 I 0  0.1 mode/Hz (2.2.13)
n~ ) = (.01) (17,0O 0 .10)e

For this plate, one mode is encountered on average whenever
the excitation frpquency is increased by 10 Hz. A plate with
a larger area or smaller thickness will have a modal density
that is greater than this.

The kinetic energy of vibration is

f
dxp2.X at L dX (ti (t p (x p ()2 j m' Enm (t) n (t) Pm W )n(W

-~ ~ 1M Y(t) ,(2.2.14)

m

where we have used the orthogonality relation. Thus, the
kinetic energies of the modes add separately to give the KE
of the systarm. Since the kinetic and potential energies of
each resonator are equal at resonance

<j>= W2 y2

the total energies of the modes simply add to form the total
system energy.
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Response of System to Point Force Excitation. We now
imagine that a point force of amplitude L is applied at a
location x on the structure. If we solvg for the modal
amplitudes from Eq. (2.2.3), we get

Lm = ]P;m dx L0 m(xs)/4, (2.2.15)

where M is the system mass. If the excitation and response
are proportional to e-iwt, Eq. (2.2.7) becomes

M(W-iW W n _W2) Yn=L01n(Xs) , (2.2.16)

so that the formal expression for the response is

L e iwt On (xs )n (x) (2.2.17)
y(x,t) = M (212_ i W

n n n

We shall look at some ways of simplifying this complicated re-
sult.

The velocity at the excitation point xs is -iwy(x s ). The
ratio of this velocity to the applied force is the input con-
ductance of the system.

-iWY(x8 1w) o2- (x____
=s -iw n s

Lo E W 2- n- 2 in r)
n n n

SG- iB (2.2.18)
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where G, the real part of the sum is the conductance and
B, the imaginary part, is the susceptance. By rationalizing
the complex in Eq. (2.2.18), we get

G , E an (x)g (w) , (2.2.19)
n

where an - 2 (Xs)/wMn and gn=( 2 +l)" , where g-(wn-w)/wn. Then n n
susceptance is

B - E a (x )b n(w) (2.2.20)
n n

where bn- (& 2+1)-l. In deriving these relations, we have
assumed that the damping is small snough so that the individual
modal admittance an(gn-ibn ) is quite sharp in frequency.

The total admittance Y is a rapidly fluctuating function
of frequency. We can simplify this result however, if we con-
sider averages of Y with respect to the variable . Such
an average is appropriate if we are exciting the system with
a band of noise, since the response to noise having a uniform
spectral density from w1 to w2 is the same as the average of
the m.s. response to a pure tone as may be seen by referring
to Eqs. (2.1.32) and (2.1.35).

Another possibility is to assume that the system itself
is "random". That is, that the exact mode shapes and resonance
frequencies are not known, either because of random irregularities
in their construction, or because the detailed calculation
procedures are not accurate enough to calculate them. In this
case, we assume that the resonance frequencies wn are uni-
formly distributed over some frequency interval. Such an
approach is one ample of statistical modeling, a central
theme in StatiL.-ical Extergy Analysis. In the work that
follows we take this latter approach, assuming that w is
fixed and that wn is the random variable.

40



If the interval oZ resonance frequency uncertainty is
Aw, then if Aw >>! wn, the average over wn will give

2 n

>n w wf dE rwn<gn > Wn 7 = (2.2.21)

which, interestingly enough, is simply the ratio of the modal
bandwidth to the averaging bandwidth. In the interval Aw,
the number of modes that can contribute to the average is
n(w)Aw. Thus, from Eq. (2.2.19), the average conductance is

<G>= n n() (2.2.22)W ys WTI2 M

where the average on *2 is over the mass distribution of the
system, which is of course the same as a spatial average for
a uniform mass density.

Eq. (2.2.22) is a useful and general result for multi-
modal systems. In the case of a flat plate, n(w)=A /4r KcZ,

and M=p sA p , where Ps is the surface density of the late. Then,

<G> = (8ps  KCz) -1 (2.2.23)

which is also the admittance of an infinite plate. It very
often happens that average impedance functions of finite
systems are the same as those for the same system infinitely
extended.

The average susceptance is of less interest, but we note
that when the modal density is constant, then the average sus-
ceptance will vanish because the integral of b (C) vanishes.
When the modal density is not constant, the calculation is
more complicated, and has been dealt with in the references.
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Before leaving the discussion of impedance, let us
consider the same problem from the point of view of noise
excitation. If the force in Eq. (2.2.15) has a flat spectrum
SL over the band Aw, then the power fed into any one mode
can be found from the dissipation w0 nmqy>is, according to
Eq. (2.1.39), just S£tV(x )/4M. If the bandwidth of the noise
is Aw (radians/sec) or Aw72w Hz then the number of modes
randomly excited is nAw and the power input to the system,
averaged over source location is

SA * n . <f2> <G> (2.2.24)

where again <G> - wn/2M. Thus, we can view the conductance as
a measure of the number of modes that are available to absorb
energy from a noise source. On this basis, it is apparent
that there should be a close tie between the average con-
ductance and modal density. This relation can in fact be
exploited as a way of measuring modal density when the modes
are so closely packed or the damping is so large that counting
resonance peaks is not feasible.

2.3 Dynamics of Infinite Systems

When the system is infinitely extended, then an
alternative formulation is needed. The differential equation
governing the motion is still given by Eq. (2.2.1). We now
assume, however, that the mass and damping distributions are
uniform (p and r - constant) and that the linear differential
operator A is a simple polynomial in the spatial derivatives,
A(a/Dx i) with constant coefficients. With these assumptions,
we may assume a *wave" solution to the equation for unforced
motion in the form

y e ei ( . - t ) ...
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With this substitution, the equation of motion becomes the

"dispersion relation" between frequency and wave number:

-pw2 - iwr + A(ik i) = 0 (2.3.2)

Let us consider some simple examples of Eq. (2.3.2). For
the undamped string, p = lineal density, r = 0, and A=-T(D/ax) 2.
Thus, Eq. (2.3.2) becomes

Tk2 = pw2, or k = ±w/c , (2.3.3)

where c=VT- is the speed of free waves on the string. In
the case of undamped bending motions of a thin beam, we would
have

A(/x) = B (c/ax)4  (2.3.4)

where B P c 2K 2 is the bending rigidity of the beam. In this
case the dispersion relation is

?4 = .9/ 2KCZ- (U/Cb) 4  (2.3.5)

the same as Eq. (2.2.9). The parameter cb is the phase
velocity for bending waves on the beam.- Xn the case of a
two dimensional plate, the wave vector k in Eq. (2.3.1) has
the two components (kl,k2 ). For either the beam or the
plate, the phase velocity cb is a function of frequency

Cb = V K cj (2.3.6)
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and the system is said to be dispersive. When damping is
included, the propagation constant k is complex and an
attenuated wave results.

Energy variables are of great importance in infinite,
free wave systems just as they are for finite, modal
descriptions. In the infinite system, we are interested in
energy density, the energy of vibration per unit length,
area, or volum6e depending on the dimensionality of the
system. It is shown in advanced textbooks that for the
system that we are considering, the kinetic and potential
energy densities of free waves are equal, so that the total
energy density is just twice the kinetic cnergy density,
which is p(Dy/at)2 .

The intensity I of a free wave is equal to the power
flowing through a unit width (or area) of the system due to
that wave as it propagates. If this power flows for 1 second,
then the amount of structure that has filled with energy i
numerically equal to Cg = dw/dk, the energy velocity. If e
is the energy density, then the energy that passed the reference
location is 6c =I. From the dispersion relation, Eq. (2.3.2)
with r=O, the %nergy velocity is

Cg =-a = i A'(ik) . (2.3.7)

Since E- P (ay/at) 2,

I = - < y2> A'(ik) . (2.3.8)2 t

Let us consider some examples of the use of Eq. (2.3.8)
for some familiar systems. In the case of the string,
A(ik) = - T(ik)2 and A'(ik) = - 2T(ik). Thus,

u - ji<y2> t (-pc 2) 2ik = pc <(ay/at)2>
Istring" t2

(2.3.9)
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In the case of the beam, A -P K22c (ik)' and A' = 4p K2c2(ik)3 .
Thus

* 2 2'- 2ci Iea= 2 <  >t 4p K c fik)' =20Cb < >yt

bea 2w< at t L b <at t

(2.3.10)

In both of these cases, the intensity is a mean square velocity
of motion of the system times an impedance term of the form
Pc, where p is the density and c is a wavespeed.

When damping is included, its most important effect is
to cause the propagation constant to become complex. The
new dispersion relation is found by the substitution,

k()- k [~( 2.],(2.3.11)

Thus, for the string,

WTIik x ic:jl+(ir/2f]x i -.x - x (2.3.12a)
e s= e C me e (string)

and for flexural motion of the beam (kb W/Cb)

ikX i x
e e

i1-x w,

= e Cb e 4cb (beam) (2.3.12b)
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From this, it is clear that the form of the dispersion relation
will affect the rate at which the wave decays in space as
damping is added. For a non-dispersive system, the attenuation
is 2 wrn nepers or 27.3 n dB per wavelength. It is clear that
if we used the energy velocity, the attenuation factors in
Eqs. (2.3.12d) and (2.3.12b) would be formally the same since
Cg = 2 cb for the plate.

Most of the structures of interest to structural designers
consist of segments of beams and plates, so that we shall place
most of our emphasis on such systems. In paragraph 2.2, we
studied the impedance looking into a finite plate, and found that
the average impedance was real and related to the modal density
and the mass in a particularly simple fashion. We now want to
carry out this same calculation for the infinite plate.

The two dimensional flat plate has the equation of motion
Eq. (2.2.1) with

2

A - PK 2 c 2 +1

The point force of strength L e is assumed to act at x = 0.
The problem is to calculate tRe motion y at x = 0 and form the
ratio of ( y/at) to the force to find the admittance of the
plate. We solve the problem by using two-dimensional Fourier
transforms

P (2) 2 dk dk eikP()

P() =ff dx1 dx 2 e- P(X) (2.3.13)

with similar relations between y(x)and its transform Y(k).
Since p(x) acts only at x = 0 with strfngth L,, the second
integral above is simple P(k) = L0. Placing £he transform into
the equation of motion
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[-w 2 (1+irl)p + A(ik1 1ik 2)] Y() = 0  (2.3.14)

which gives

f0 1
YO() 2 dk1 dk2  1 ) (2.3.15)y() 2 ) r Alik) -w 2 (l+inlp

Since there is no azimuthal dependence in the (k ,k2) integration,
we replace the area element by dkI dk2  2wk dk ahd have a simple
integration over the magnitude k.

y(0)= L-J k dk 1

0 Z cb

L KC 0 2 gbE 2

where k2 and b = kb. Thus,

Loy(o) 0

xf d (2.3.16)
f -1b (I+i ,1/2)"] [-+Tb (i+in771
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or,

L/ (-iw)y (0) = 0/c

allowing n to vanish, and the path of integration is taken
as in Fig. 2.8. Thus, the ratio of velocity -iw y(O) to the
force F0 is the infinite plate admittance

¥= = (8 pKc 1)-1  (2.3.17)

which is the impedance that we found for the finite plate when
an average was taken over modal response and source location.

A mean square force <L2> applied at a point on an
infinite plate will, therefore, inject an amount of power

nin = <R2> y= (2.3.18)

into the plate. This power will propagate at the energy
velocity outward from the point of excitation as a circular
wave. When a boundary is encountered, a reflection occurs and
the energy propagates unimpeded until another boundary is
encountered. The average distance travarsed between
reflections is called the "mean free path", d, and is given
by d = 7A /P, where P is the perimeter of the plate and A
is the arEa of the plate. The attenuation rate (in space
according to Eq. (2.3.12b) is wn/ 2cg nepers per unit length,
or 4.34wrdB per second (cg is the energy velocity defined by
Eq. (2.3.7)).

For systems in which the nnergy is contained in the
propagation of free waves, the damping is frequently expressed
in terms of the time (referred to as the reverberation time TR)
required for the energy to decay by 60 dB. Thus, 4.34 wn TR = 60
or,
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2.2TR = 7--1, (2.3.19)

a result that we found earlier for single dof and molal
resonators. Measurement of decay rate or reverberation time
is a commonly usea procedure for determining loss factor.
The decay rate procedure applies equally well whether our
model of the system is one of a collection of modes or a group
of waves rebounding within the system boundaries.

In Chapter 3, we will be concerned with the dynamics of
interacting systems. As a preview, let us consider here the
interaction between the single dof system and a finite plate
shown in Fig. 2.9. We wish to calculate the mean square
velocity of the resonator as a result of its attachment to
a plate which is vibrating randomly.

The resonator consists of a mass M, stiffness K, and
dashpot resistance R, configured as shown. A diffuse
reverberant vibrational field (equal wave intensity in all
directions) is assumed to exist on the plate, resulting in a
transverse velocity v. At the point of resonator attach-
ment xs, the plate velocity is v . The velocity of the
resonator mass is vM. The reactlon force £ resulting from
compression of the spring K is due to a difference in
velocities vs and vM:

f dvM
X U KJ (vs-vM) dt = M --r + R vM (2.3.20)

The velocity vs is equal to the velocity that would exist
if there were no resonator v, less the "reaction" or "induced"
velocity vr that is induced by the force; vr = £<G>, where
<G> is the plate admittance (8p, KcZ)- 1 . In using <G>, we
assume that the modal density o£ the plate n, is sufficiently
high so that several plate modes resonate within the combined
equivalent bandwidth of plate and resonator modes:

W( p + n0 ) n p >> .

We now differentiate Eq. (2.3.20) with respect to time to obtain
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d2v. dvM
M; - + R L + K ve= K v - K X <G> (2.3.21)
dt2  dt v

Substituting for I from Eq. (2.3.20), we get

davM dvMd-2VM+ 0()+n ou) !- + W 2 (1+n o )VM=W2v (2.3.22)
dt2  00coup dt 0 0coup 0

where (A, 0 V- M, n0 = R/w0M and n cou is the combination of
of parameters w0M <G>. Eq. (2.3.22 is the equation for the
response of a resonator to a random base excitation velocity
v. The effects of the plate are expressed by modified
damping and resonance frequency of the resonator. If v is
assumed to have a flat spectrum <v2>/AW over a bandwidth Aw,
then from the discussion following Eq. (2.1.35), the response
of the resonator is

7T W0 <v2>

<v2> = n + coup (2.3.23)

or,

no M <v2 >
M <v> coup (2.3.24)

M +Tjcoup np A

The term M_ <v>/np Aw is simply the vibrational energy of
the plate divided by the number of modes that resonate in the
band Aw. The ratio represents, therefore, the average energy
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per mode of vibration within that band. Since the ratio
ncoup/(ncoup + no) is always less than or equal to one,
Eq. 12.3.24) says that the average energy of vibration of the
resonator cannot exceed the average modal (resonator) energy
of the plate. These resonator energies will in fact be equal
when the loss factor due to the coupling between the resonator
and the plate rncoup (also called the coupling loss factor) is
large compared to the internal damping of the resonator. This
tendency toward energy equality is an example of "equipartition
of energy", a principle that is well known to students of
statistical mechanics.

2.4 Modal-Wave Duality

In paragraphs 2.2 and 2.3 of this chapter, we have dis-
cussed modal and wave descriptions of finite systems. These
two ways of describing the motion are in most cases fully
equivalent to each other, but that does not mean that the
choice of description is arbitrary. Certain aspects of
structural vibration are much more readily interpreted in one
description than in the other. The effect of damping at the
boundaries of a plate is better described by wave reflection
processes. The spatial variations in vibration amplitude are
better described by the modal analysis. But we must emphasize,
that it is always possible, at least in principle, to arrive
at the same conclusions by either approach.

We have already demonstrated an important example of
modal-wave duality, the average point conductance of finite
plates. We have found that the conductance computed by
averaging over modes of a finite plate is the same as that
found by considering only waves radiated outward by driving
an infinite plate at one point. The fact that these waves
reflect from the boundaries and may return to the drive point
is presumed to be unimportant in affecting the drive point
impedance because they will have random phases, or be in-
coherent with the excitation, particularly if the drive point
is assumed to be randomly located over the surface of the
structure.

Another aspect of this duality is in the description of
damping. We found in discussing resonators in paragraph (2.1)
that the damping was closely associated with resonator (or
modal) bandwidth and decay of vibrations in time. In dis-
cussing waves, in paragraph (2.2) we found that the damping
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I
was related to the spatial decay of energy. However, if this
decay in space were related to the time required for the
energy to propagate from one point to the other, the time decays
in both descriptions were related to the loss factor in the
same way. Thus, decay rate of energy forms a link between the
two descriptions even though modal bandwidth is a very dif-
ficult concept to explain by a wave analysis and spatial decay
of vibration is an equally difficult concept to explain using
a modal description.

In the chapters that follow, particularly in examples
dealing with applications of SEA, we find that certain
quantities that enter the modal description for example, are
equivalent to other quantities in the wave description. For
example, modal energy is usually equivalent to a spatial
energy density. For example, in a plate, the energy is Ps<V 2>,
whereas the average modal energy for the same plate is
(471 KC) PS <V2 >. In a sound field, the energy density is
<p2>/pc2, and the average modal energy for the same sound
field is (2if2 c3/W 2)<p2> p c2, where c is the speed of sound
and p is the pressure fluctuation.

Other equivalences exist between coupling loss factors,
appropriate for modal systems, and junction impedances,
appropriate for wave descriptions. An example of this
equivalence was used in the example of the combined plate-
resonator systems of Fig. 2.9, where we found nc8HD o0M <G>.
We shall encounter more examples of this in the Spters to
come.

In the remainder of this section, we shall discuss a very
important aspect of wave-mode duality. This is the problem of
the "coherent" and "incoherent" wave fields in a plate. In
paragraph 2.3 we began this discussion, but we wish to delve
further into the matter at thic point. Let us begin by con-
sidering the wave description first.

Let us suppose that a point force located at position x.
on a very large plate excites the plate in a bandwidth Ao.
If the rms force is L, then the power injected into the plate
at x. is simply

in = L2y = L2<G> (2.4.1)

where <G> is given by Eq. (2.3.17). This energy flows
radially outward from this point, so that at a distance r
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from x_, the mean square velocity is found from the intensityrelatign

P Cg <v2> 2wr = Hin. (2.4.2)

This is the velocity that would exist on an infinite plate
without damping. If damping is present, the energy is re-
duced by the factor exp [-nwr/c , so that

g

Hin e" wn r / c g  243111
2 in 1g

DV > irp a (2.4.3)
VD> 2% p cg r

This part of the plate motion is called the "direct field"
of the source and has a "geometric attenuation" of 3 dB per
double distance and an attenuation due to damping that in-
creases linearly with r. The direct field is the only con-
tribution to plate vibration if the plate is infinite in
extent or if n is so large that the vibration has nearly
ceased by the time the direct wave reaches the boundary of
the plate.

When the energy in the direct field reflects from the
boundary, then if the boundary is not perfectly regular, it
is frequently assumed that coherence with the direct field
is lost, particularly as the number of reflections mounts.
The motion vR corresponding to this reflected energy is
called the "reverberant" field and is determined by the power
dissipated by it:

1 W ]in exp [-wnd/2cg] - M <v2> Wr (2.4.4)

where d is the mean free path. This leads to an expression
for the reverberant velocity

<v> Hin exp 1-wnd/2c ]/wnM. (2.4.5)
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Since the direct and reverberant velocity components are
assumed to be incoherent, the total mean square velocity of
vibration is obtained by simple addition,

<v> = <v2> + <v2>. (2.4.6)

Near the point of excitation, the direct field will dominate,
but at large distances, the reverberant field will dominate.
The "boundary" between the direct and reverberant fields is
defined as the distance rD for which these fields are equal

wn M (rD 2 p c (2.4.7)

The total mean square velocity pattern is shown in Fig. 2.10.

We can also analyze this situation by a modal description.
From paragraph 2.2, the response of a plate to a point force is

i w L0  (x) ( m(xs)
V = M Z (2.4.8)

m W W;

Let us assume that the plate is simply supported so that the
mode shapes are

12 ik ii ik xi ikixi iikiXi
m(X) (xs 11 (e ii-e - i i ) (e -e

m m s 4i=1

(2.4.9)

There are 16 terms in this product, each representing a plane

wave having one of the force wave vectors shown in Fig. 2.11.
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The phase factors are the "dot products" of these wave
vectors with the four position vectors shown in Fig. 2.12.
These position vectors are the difference vectors between
the point source and the observation point and its three
images in the coordinate axes.

If the drive point is excited at frequency w, then be-
cause of the modal response bandwidth, we will assume that
all modes within a band Aw = rwn/2 will be excited, and that
modes outside this bandwidth are not excited. As we sum over
the circle of excited modes in k-space (the quarter circle of
Fig. 2.7 becomes a full circle because of the addition of the
images of k in Fig. 2.11), some of the terms will fluctuate
wildly in phase as we sum over the indices mil while others
will combine because the phase variation between them is
small. The smallst ghase variation will occur for the
smallest vector, x - xs, as seen in Fig. 2.12. We shall
assume that only these terms contribute to the "coherent"
part of the summation in Eq. (2.4.8).

We, therefore, replace Eq. (2.4.9) by its coherent part

4m(X) Nm(Xs) = eik'  (2.4.10)

where R x - x , and now varies over the complete circle in
Fig. 2.11. If ehe phase variation in going from one attice
point (allowable wave) to another when summing over m is
less than ir/2, then the summation in Eq. (2.4.8) may be re-
placed by an integration over angle in k-space.

i
iwL0  exp (- wm R cosO)

v Wx.) - E~ cm(..14M m Wmw(l+in/2)} {wm+W(l+in/2)J (2.4.11)

where 0 is the angle between and A.

Let us note that M = p A = p0'/AAk. We can now write
AAk = k Lk AO, and the 3ummat on in Eq. (2.4.11) becomes
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iOL0  exp {- R cosO) k Ak AO
v(x) - --- I Wm-W(l+in/2)JRw 3o (l+in/2)j

iwL0  k dk

w Jo -wm-w (I+ij/2) ItE m+W (l+inl2) I

21r

Xf exp(im R cos e) dO. (2.4.12)
f 0

The second integral is simply J0 (k R), while the first
integral is approximately

iL k dk J (kR4
v(x) - i (wJ)-+" (2.4.13)

0

The condition that the phase between terms vary less
than w/2 is most severly tested when t and A have the
same direction (cosO-l). The number or resonantly excited
modes is 7/2 wn 5 . The average distance between these
modes in k-space, therefore, is

2w7k/ j wnn - 4/nsflcb,

and our phase requirement is

4R/nsncb < w/2; R < w nm (2.4.14)
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which is consistent with, but more stringent than,
Eq. (2.4.7).

The Bessel function J0(WR/cb) in Eq. (2.4.13) has the
asymptotic form

cog - ) (2.4.15)

so that i he mean square velocity in the coherent waves varies
as l/R, wich is the same as our result for the "direct field"
in the wave model of the plate response.

The incoherent part of the velocity field is found from
Eq. (2.4.8) by adding the mean square values of modal response
incoherently. The mean square value of each term is

2 22 L2  n- ir 1 0 1 7r 8

2M42 2 W2r2  r WnF

L 2 G/wn M, (2.4.16)2 0

which is the same as the result in Eq. (2.4.5) if we assume
that very little dissipation of the direct field occurs before
the first reflection from a boundary.

We have shown here that the direct and reverberant fields
that arise naturally in the wave analysis have their direct
counterparts in the "coherent" and "incoherent" components of
the summations of the modal description. Such correspondences
are very useful in that they allow us to interpret some of the
phenomena described by a wave picture in terms of their effects
on a model analysis. For example, the transmission of
vibrational energy through a connection between two plates will
impose a degree of coherence between the modes of the receiving
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plate. But if the bulk of the vibrational energy may be
judged to be in the reverberant field, we may treat the modes
of the "source* and "receiving" structures to be incoherent
with each other.
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FIG 2.3
FREQUENCY RESPONSE OF IDEAL RECTANGULAR FILTER

1 f2 f

FIG 2.4

SAMPLING OF LOADING SPECTRUM BY TWO NARROW BAND FILTERS
:L 

+

FIG 2.5

TEMPORAL REPRESENTATION OF WHITE NOISE

60



12 X2UPPORTED EDGES

0 X

COORDINATES OF RECTANGULAR PLATE

"2 x

K K x x I

Ir/12

FIG 2.8
COVENURMFOR ELATION FO RENTEGA ISEUAPTIN PLATE

()+67/2



FIXE 2.9 AC

INTRACIO OFSIN LR ESN TRADFNT L T

!OdB

FIG 2.9
DINRECTN REVERBERTESONEASDFT PLATE

622



FIG 2.11

CONSTRUCTION OF 4 WAVE VECTOR S
CORRESPONDING TO A SINGLE MODE

lX2

12
x X (XXs -PLATE

X, -xs 
X

0 _

£1 X

FI G 2.12

CONFIGURATION OF SOURCE POINT AND THE
OBSERVATION POINT AND ITS IMAGES

63



CHAPTER 3. ENERGY SHARING BY COUPLED SYSTEMS

3.0 Introduction

In SEA, we are principally concerned with systems that
may be subdivided into subsystems that are directly excited,

Tand other subsystems that are indirectly excited. For
example, a vehicle excited by a turbulent boundary layer may
be thought of as a single system excited by random noise,
but we are more likely inclined to treat it as a collection
of subsystems. One of these will be the exterior shell of
the vehicle, which is directly in contact with the turbulence.
A second system will include interior structures, such as
bulkheads, shelves, etc. which are excited through their con-
nections to the exterior shell. In this case, such a break-
down is immediate because of the nature of these structural
elements and their configuration.

When the subsystems have been defined, we find that the
effect of their connections is to provide coupling between
them. This coupling is the mechanism by which vibrational
energy is transferred from directly excited to indirectly
excited systems. If a modal description has been applied
to the subsystems, then intermodal coupling forces result
from the connection. If a wave description has been used,
the coupling is more naturally represented by impedances at
the junction between the structure. In certain cases, one
finds it convenient to use a mixed description, one of the
subsystems being treated as a wave system and the other as a
modal or resonator system. It is, therefore, quite important
that we be able to shift our viewpoint between these
descriptions as the need arises.

An important key to use of SEA is the definition of sub-
systems. This is a part of the modeling process that we
shall deal with later on. Even for "obvious" choices of
subsystems, the breakdown has an arbitrary element to it.
In many cases, structural elements are the subsystems, but in
others, modal (or wave) types may be the key. The shell of
a vehicle has modes that represent mainly transverse or
flexural vibration and modes of longitudinal or torsional in-
plane motion. It may be necessary to treat transverse and
in-plane modes as two separate subsystems, particularly if
their excitation by the environment or their interaction with
the rest of the structure is markedly different.
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We begin the chapter by discussing the interaction of
(sub) systems described in modal terms. Single resonator
systems are dealt with first, and some important basic
theories of SEA are derived. Then, multi-modal systems are
studied. Various expressions for the energy flow are
presented in this section.

In paragraph 3.1 of this chapter, we study interactions
of systems using a wave description. Impedances and energy
densities become the important interaction and dynamical
quantities here. The definition of transmissibility co-
efficients is also made, a parameter that is widely used in
acoustical analysis of interacting systems. Equivalences
between the parameters of modal and wave descriptions are
then drawn. We also show how reciprocity arguments may be
used to develop response estimates which result in the same
results as previously found. Reciprocity methods are very
powerful in obtaining equivalences between response para-
meters in mechanical systems and one of the goals of this
chapter is to show how they fit into the general SEA frame-
work.

We complete the chapter with the analysis of some fairly
simple systems that have practical importance. This serves
to illustrate the methods developed in the chapter, and also
to show how we begin to develop a catalog of SEA parameters
as a result of the applications that have been made of SEA.

3.1 Energy Sharing Among Resonators

We began our discussion of vibration in Chapter 2 with
a single dof system. Although quite artificial, we were
able to develop basic ideas from the 1 dof system that were
applicable to much more complex systems. This approach will be
followed in the present chapter also. We shall study the
energy interactions of the system shown in Fig. 3.1, con-
sisting of two simple linear resonators coupled by con-
servative elements. We shall find that much more complex
systems can be represented by this system in the following
sections.

The equation of motion of mass M1 is given by calculating
all forces on it, including those arising from the motion of
mass M2.
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In this instance, this is best done by using the
Lagrangian. The kinetic energy of the system is:

KE7  1  + 2 M 2 y 2  + 8 M. (y1 +y 2)2

The potential energy of the system is:

PE K 1 K + K

K1y+ 2 K2Y2  c K(yl-y2)(311

The equation of motion in the absence of velocity
dependent forces are given by

d DKE. DPE

dt E _ - L (3.1.2)

1i 1

Using Eq. (3.1.1) in Eq. (3.1.2) results in velocity
independent equations of motion. In addition, we include
the damping force R' and the gyroscopic coupling force G ,
to obtain

(M1 + M Y, + Riy1+(Ki+Kc) y1

1 4 1

Sl+KcY2+ 2 - 4 My 2  (3.1.3a)

(M 2 + 4 Mc) Y2 + R2y2+(K2 +Kc)

L 1  1 (3.1.3b)
27cYl-GY1  c •
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These equations clearly display the effect of motion in
one system causing forces (and power input to or absorption
from) the other.

In application to real systems, the question invariably
arisesr "What are the uncoupled structures?" From a
mathematical viewpoint, we may obtaig uncoupled equations by
"clamping" system (2) [setting Y2 Y2 = Y2 - 0 in Eq. (3.1.3a)]
and by clamping system (1) in Eq. (3.I.3b). An alternative
is to reduce the coupling parameter to zero, i.e., setting
Kc = M - G - 0 in both equations. Either is possible, but

note that the effective mass and stiffness of each resonator
will change in the process of decoupling if we use the latter
approach. Since we do not want to change the resonator we
deal with in the process of removing the coupling, we prefer
the "clamping" definition of the uncoupled system.

The clamping or blocking concept is also appealing from
an experimental viewpoint. A welded junction between a pipe
and a plenum chamber for example is not readily identified in
terms of the coupling parameters of Eq. (3.1.3). Neverthe-
less, we can imagine reducing the displacementR of one element
to zero by suitable clamping arrangement, even though it might
be a very difficult thing to do from a practical viewpoint.If stress variables are used then the systems are decoupled

by being ,,it apart. Such a thought experiment is of particular
relranc: kn the event that c:ne has a finite element computer
model of each subsystem since the decoupling can be done by
some simple instructions. In this monograph we will con-
sistently define the decoupled forms of Eq. (3.1.3) or its
countarparts to be found by setting the response variables of
the other systems to be zero.

Eq. (3.1.3) dipplays more symmetry when rewritten as

Yl + A1 y 1+Wyl+ T [IY2 YY2 "KY2 ] -1 (3.1.4a)

• 2

Y2 + A2Y2+(j2 + X[UYI+YYI-KYl1 = (3.1.4b)

where
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]i
Ai =Ri/wi(Mi+!c/4)Iw'u(Ki+Kc)/(Mi+Mc/4),

j- (Mc/ 4 ) (l + 1c / 4 ) 
- (M2 +C/4)-

y-G/ (M,+NI4) r. (M +MC/4)-,o

k KKc/( I+Mc/4) (M2+McI4)

and A - (M ) M 2+M/4

Note that the equations could be made completely symmetric

(that is, A woi4d vanish) by further defining variablesL YuYi(Mii+M/4)t. Also note Xi =L i/(Mi+Mc/4).

In Chapter 2, we were interested in the enerqy of
vibration of a single resonator excited by "white" or broad
band noise. In this Chapter we are concerned with the
response of two resonators when both £ and k2 are independent
white noise sources. Since Eqs. (3.1.4) are linear, such an
analysis is fairly straightforward, but it is instructive to go
through it in some detail. Since we want to apply these
results to energy flow problems, we shall be particularly
interested in calculating the power flcw between the
resonators.

Before we treat Eqs. (3.1.4) in all of their detail,
however, let us consider a particularly simple case: that
for A =A2 = A, X112=w0, Aul, and u=y-O. Thus, we have two
identical resonaEors with stitfness coupling only. It we
add and subtract Eqs. (3.1.4), we obtain,

z + j' + Q2 Z 91 (3.1.5a)

+ A 2 + l z2 =g 2  (3.1.5b)
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when

z l=y+y 2, z2=yl-y 2, g1=t1 +t2, g2=1-t2,

22=W2 -K, g_2K1 0 20

From elementary dynamics, we know that if we start this
*system vibrating without damping or other excitation present,

that the general free vibration response of either mass is of
the form

Yl(t)=A sin C it+0 2 ) + B sin (Q2t+02), (3.1.6)

If A and B are nearly equal in magnitude (this will
occur if one mass is held fixed while the other is displaced
and then released) then the motion of either mass is of the
form

Yl(t) w C sin ( - t+*a) sin (wt+b), (3.1.7)

which represents an oscillation that is modulated by an
envelope that varies at radian frequency K/w0. Indeed, this
beating phenomenon is one of the best known and most remark-
able features of coupled oscillators.

If the resonators have damping A, however, then they
will have a decaying motion represented by an additional
"mr Aulation" of Eq. (3.1.7) by the term e-At/ 2 [see
Eq. (2.1.9)]. If the d&mping is very light, so that K/ 0>>A,
then the beating phenomenon will still be apparent but if the
damping is very strong compared to the coupling, so that
L>>K/W , then the energy of vibration will be dissipated be-
fore the beating oscillations can take place. We shall find
that quite parallel conclusions may be drawn when the
res'nators are excited by a white noise source.

Let us now return to Eqs. (3.1.5) and set £2=0. Then
by examining < 2>, we can determine the power that is flow-
..ng into the indirectly excited resonator. When X2=0, then

= g2 and the responses yl, Y2 will be identical, except
that their response curves will be shifted as shown in
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Fig. 3.2. When there is no coupling, then z1 z2
and Y2 - 1/2 (1- 2) - 0. When the coupling is such +-hat
K/wo0<<A, then the spectrum of tj is very nearly the dif-
ference between the spectra S*-and So, as shown inFig. 3.2. The response Y2 is Geak in This case, very broad
band but with a slight double peak in its spectrum that
would show a slight beating effect. The response

Y2 = 1/2 (zi+i 2 )-zi has the spectrum Sj=Sjl.

When the coupling is increased, the two spectra shift
farther apart, and the difference spectrum is increased, as
shown. This means that q2> is increasing with the increase
in coupling. The spectrum of t2 is even more strongly
double peaked, and fluctuations at the difference frequency
/wo (b9ats) will become more proniounced. Also, since
zI and Z2 are no longer identical, <yl> will be diminished.

Finally, when the coupling is strong enough so that the
resonances have shifted beyond the damping bandwidth
(W/0>A), the response ti and y are statistically independent
since they do not share common frequency components.
Accordingly, e9j> = <t3> = <9I>/2. Thus, each resonator dis-
sipates 1/2 of the power supplied by the white noise source
X1. This power depends only on the mass of resonator "1"
and not on the coupling [see discussion in connection with
Eq. (2.1.39)]. Now the "beating" phenomenon will be quite
strong implying an oscillation of energy in the system.
This flow is in addition to the steady power flow from
resonator "1" to resonator "2" required to supply the power
dissipated by resonator k y>

Let us now return to the more -omplex system represented
by Eq. (3.1.3) and (3.1.4). We assume that both LI and L2
are independent white noise sources. The power supplied by
.he source L1 is <L1  , or

71
Kc <Y2y1 - <i 2 Y1 >+Vc<Y2 Y1 > (3.1.8)

Since <d '2 <d 2
au~ y1" 3F ?a 4 0 for stationary processes, the
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first and third terms on the right hand side of Eq. (3.1.8)
vanish. The term R<T> represents dissipation by the damper
fR1 and the other terms represent power flow into the coupling
elements.

In a similar fashion, the power supplied by source 2 is

<L2i2> - R <i2> + Kc 1Y~2  a <~ 2

(3.1.9)

Using the fact that

d;I Y + < o
1t2'  '"Y2 i~l

and

HE 1 2> -<y"ly2> + <y~2yl> 0'

we can add Eqs. (3.1.8) and (3.1.9) to obtain

<Lljl> + <L2y2> - Rl <j2> + R2 <j2 (3.1.10)

which states that the total power supplied is dissipated in
the two damping elements; the coupling elements in the form
presented are non-dissipative.

We also note from Eq. (3.1.8) or (3.1.9) that the power
flow from resonator 1 to resonator 2 is simply

R K l G< 1 .. 6 31.1

1l2 - K <Y2y1  - y2yl> - rc1 <y2yl>. 3L'l

Our next task is to evaltate these averages in terms of the
spectral densities of the sources and the system parameters.
This evaluation may be done in the time or frequency domain.
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In the frequency domain calculation, we introduce the com-
plex system frequency response Hpqa() defined as the response

Yp to a force Lq - e-iwt. Thus, all time derivatives in
Eq. (3.1.3) are replaced by d * -i, and we have

H1(W) - ( )" (_-1 _i2 y + c)/D (3.1.12)

SA(3.1.12b)

H121w1 = (M2  '(Wl U-i y + K)/1D (3.1.12c)IvI

H22 (W) - (M2 +- 1) (-w 2-iWA1 + wi)/D (3.l.12d)

where D is the system determinant given by

D w4(1i 2) + i 3 (AI+A2 )-w 2 (W2+W2+AIA+ 2 +22 K)
1 2 2 1 2:

-iW(A 1 ~i 2 ~ + +A 2 2 - 2  (3.1.13)

Using these transfer functions, the various second
moments of the dynamical variables can be generated by
integration over frequency from - to + :

<y2>= SL J IHII 1
2 dw + SL IHI2 1' dw (3.1.14a)

2 SL f H 1H 2 dw + SL f H 71 2 dw (3.1.14b)
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<j2> : :L2 2 11 2 + L fw iH1212 dw (3.1.14c)

<y2;.> sL f H";.1 d + S Jiw 2  2d

2fW

<i2 S fW IH 12a dw +W 2L IH 1 2 dwo (3.1.14d)

<Y2§i>= sL - iWSHz  "* dw +  S2 iWH H*

(3.1.14e)

<y2Y>  f w2 H11 H dw + S fW2 H*2 H22 dw=i 1 SL 1121L 1 2

(3.1.14f)

1 f-iW3 H!1 H2, dw + iw3 H!2 H22 dw
<y2Yl> =SL11 24 SL 2 f WH*2 2

(3.1.14g)

The final three relations in Eqs. (3.1.14 e, f, g) are the
terms we need to determine power flow, the first four,
Eqs. (3.1.14a, b, c, d) are needed in evaluating the energy of
vibration. In these equations we have used the "two-sided"
spectrum SL(,) which has a range from w=-- u=+- rather than
the more "physical" one-sided spectral density in cyclic
frequency f waich has a range from f = 0 to f = -. Since the
integral over the range of each must produce the same mean
square value, i.e.,

<y2> =f S( ) dw y(f) df, (3.1.15)
CO 0
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the relation between them must be

dwS y(f) n 2 Sy(W) = 4w Sy(W) . (3.1.16)

We will not bother to evaluate the integral of
Eqs. (3.1.14) here, since they are of standard form. Even
so, the form of the relations is quite complicated. They
are found to be:

<Y2jl> _ . 7rSL I (3.1.17a)

A' 1-(M 1+A 2 2(M2+ V C)

A1  AU (A 2 +A2) + y (I 2-W2 ) + K (A +A H
(M + 1 2 d

<2'S L M+1A(M+1 11 VC 2 2

~L2 A~ (( V2 +A 2 1  K (-W2_i)]

(M 1+  M) 2 c)5

75



SL "SL2

1 m i

ul[(A w 2+A w2) (wi+Wl+AiAA2+y2+ 2K)- (A +A ) (W2 W2 -K 2)]
x (M + mC (M + Mi(1-11 2) d

2 2

w 2ws w 2 7TS A2
+- 1 + 1 (M1 N

(3.1.17b)

( 7TSLI 7SL A- A

<y2y1> ( (M -+1 ~+~ (M +1 f) d
1 1iM~i~ A2 (M2  rc (c)

X (A~w 2 +A 2 ) (W1 2+A+t A +y2 + 2VK)

(AI+A 2 ) 2 _)+K
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irS irS
L L2

m 1 m4

2[Aw+A 2 ) (W2+W2+A A+y 2+2)(+ 2  2_ ~-i2)1

+ Mi+ +Vc) + "~1 M.~ (M2+.Vvcc I

(3.1.17c)

The quantity d that appears in these equations is given by:

d =A AHw2- 2 2+ (A +A HA ~W;!+A 2 ) 1 + iJ2 ( +%(

+ (y'+2jK)(A +. )( Aw 2+A w 2) + K2 (A +A )2 .

1 2 1 2 2 
1 2 (3.1.18)
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These expressions are now placed into Eq. (3.1.11) to
evaluate the power flow. Incredibly, they simplify enormously
(although they are still relatively complicated). The result
of the substitution is

R12 A AI(M 1 A (M 1 (3.1.19)

where

AIA2 I

A [A A1A2  W4 [w +A, (AJW 2 +A 2 ]

+(y2+21JKz)[A W 2+&W2]+ A+

(3.1.20)

and d is given by Eq. (3.1.18).

Comparing Eqs. (3.1.4) to Eq. (2.1.1), we see that
A-=2inl and A2=,2r 2 , where the n's are thi loss factors of
each uncoupled resonator. Thus, when x2= x2 = 0, the term is

1SL (w) SL (f)1

~~1 1 (M+rc)A1 (M1 j 4w 1% I (M(3.1.21)

according to Eqs. (2.1.39) and (2.1.40), the energy of
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resonator "1". Similarly

7IS2L 2(w) = 2 c 
(3.1.22)(M212+4c) y2

is the energy of resonator "2" when yl=Y2=0. Thus, Eq.
(3.119) states that the power flow from resorator "1" to
resonator "2" is

(a) directly proportional to the difference in decoupled
energy of the resonators, where decoupling is de-
fined by constraining the resonator, the energy of
which is not being evaluated

(b) since the quantity A is positive definite, the
average power flow is from the resonator of greater
to lesser energy

(c) the quantity A is also symmetric in the system
parameters so that an equal difference of resonator
energies in either direction (1-2 or 2-1) will
result in an equal power flow, we may say that power
flow is reciprocal.

The concepts of power flow between resonators being
proportional to the difference in uncoupled
energies is useful. When we are exciting a
structure with noise so that the input power is
known, then since SF/M is proportional to input
power, this interpretation of Eq. (3.1.19) is the
appropriate one. However, we often do not know the
input power, we only know the m.s. response values
<y > and <y2 > by measurements taken on the svztem
as it vibrates in its coupled state. We need -o
relate Eq. (3.3.19) to these values also. To do
this, we require calculations of <y4> <2>y and <N?., from Eqs. (3.1.14). The results

of the cal'ulations are as follows:
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(M (+l2-K )d1 VcS 1 ~ . 2

+ (,.+A)(A.W+A 2 )] J +2)]

+ (y 24 2 K)tW2(A+ 2 )] - K2 [(A+A (A2 -2W2 )

2 1 2L1 2 2

+ (A 2~ +A 2 )] ~ + ( I+~~ TSL2+ 2 )~~ ]i+(M+1Mc) (M2+Mc) 1 2_

X W t -W A2 + 2 W2)] + (y2 +21,K) tW 12 2 (a +A2 )J

1 (A(
<~~ ~ >21(WI_ 2 2 AW

(M  [+iMc 2(1_112 ) d L 1 2 i(i+ 2)22] (3 1. a

2 W4 +A+I, I -, j

21 2 ' 2 2 1 ., 2 )1
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+ (y2+ 2jic) [A W2+AW 21 + c2 [A +AJ
1 2 2 1 1 2

SL2

I___________2 _ 2 [A 4 +A 4

(M+ 1M )d

+ 6 A2 (A W 2 +A W 2)] + (y2+ 21K)[A W 2+A 22+K2 (A +A2 ]

(3. 1.2 3b)

The expressions foz <2> and <y2> are found by revising sub-
scripts in these two equations.

We note from Eqs. (3.1.23) that in coupled vibration
<y2> # ,2<y2> so that a detailed equality of potential and

"1 1kinetic energy has been lost. Nevertheless, by direct
substitution.

(M +=NM~ <y 1> - (M4) + ~ 2 T'l+Kc )<Yi1-( 2+)

2>= Y2 I(2 Wi2)i+(A+A 2 ) (A W2 + 2 )]

TS L TSL
1_______ 2

1 1 )

(3.1.24)
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Thus, we arrive at the remarkable conclusion that the power
flow is proportional to the difference in the actual kinetic
energy, or potential energy, or total energy. This is a
very useful result because it allows us to calculate power
flow from input power to the system or from measured vibration.
We are assured that we will get the correct answer whether
we base our calculations on the uncoupled systems or on the
actual vibrational energy of the coupled systems.

If the average energy of resonator "1" is El and the
average energy of resonator "2" is E, then the power flow
between them is, according to Eqs. 3.1.19) and (3.1.24)

12 = B(E1-E2 ) (3.1.25)

where

B 2[A4 fW4+LW4+A A (A W 2+A W2 )]+(y 2 +2K) )+(A(A +AB= 1 I2+A2 I+ 12 (  2 2 1 +  2 (I 2 1 1 2

(1_12)[ (W2 W2 )2+(A +L)(AW2+AW')
1 21 2 1 2 21

(3.1.26)

Let us suppose that resonator "2" has no direct excitation, so
that SL = 0. Then, the power dissipated by the resonator must

equal te power transferred from "1" to "2"; 112,diss=Hl2-A2E2
= B(EI-E 2) or,

2 B (3.1.27)
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This relation shows that the largest value E2
can have is E1 , which occurs when the coupling
(determined by B) is strong compared to the
damping A2.

When the two resonators are identical and have
stiffness coupling only, then from Eq. (3.1.26)

2 2  K2

B = 2A 2  K (3.1.28)
4A2W 2Aw

0 0

and,

E2  K 2/2A
2W2

E1 + K 2 /2A 2,1)

waich shows that E2-+E1 as w0 A/K- 0 and E2-'O as K-*0,

which is consistent with our earlier discussion of
this system.

We can now make some additional points to those already
made in the discussion following Eq. (3.1.22). They are:

(d) the power flow is also proportional to the actual
vibrational energies of the system, the constant
of proportionality being B, defined by Eq. (3.1.26)

(e) the parameter B is positive definite and symmetric
in system parameters; the system is reciprocal and
power flows from the more energetic resonator to
the less energetic one

(f) if only one resonator is directly excited, the
greatest possible value of energy for the second
resonator is that of the first resonator.
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These six points form the basis for our studies of energy
flow in mechanical and acoustical systems, since the cal-
culation of power flow between resonators according to the
scheumes indicated in Eqs. (3.1.19) and (3.1.25) will be
fundamental to our study of more complex systems. We will
have to make some additional assumptions as we prcceed, but
we could not begin without these (conceptually) simple
relationships.

Before we leave this subject, let us develop an
additional result of modal interaction that will be useful
to us in dealing with multi-dof systems. We derive the
average power into resonator 2 when the only active source is
L1 and w is allowed to vary randomly over an interv,'l aw
that includes w2 . To do this calculation, we see froin Eq.
(3.1.19) that for any particular value of w1 , the power flow
is H12 = A iSL1 /A1 (M1 +l/4Mc) and that an average over w1

requires that we evaluate <A> . As long as the interval

Aw is not too large compared wo the values of wi and w2l
we can replace both by w, the center frequency of the
averaging band, everywhere except in the (WW2)2 term in d,

since this is the term that is sensitive to the relative
values of w1 and w2 • We then form the average

<1> 1 1 1 1 7 1
A A2 2-E2 +W W A 1 A2 , 2 w2'1~ 1i2 1 _2) 2+ w1ii

(3.1.29)

where we have used the result leading to Eq. (2.1.37), and
have define

A=(AI )[AI+( 2W2+Y2+2]JK+K2/W2)/AI1 2
]A . (3.1.30)
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We see that  T is very nearly the total damping of the two
resonators when the coupling is very weak but is more com-
plicated for stronger coupling. The average power flow then,
is

7SL2

<H 12>W 2 (3.1.31)

and

M + -4-2L =c 2 X
SL 4 (2 A (3.1.32)
2 L1 +I A +

with

A 2 [P2W2+(y2+2pK)+1 2/ 2]/A I 2 . (3.1.33)

and we have assumed P2<<l and A/w<<i.

The average interaction, therefore, is equivalent to
a white noise source acting on resonator 2 of spectral
density SL 2 This effective spectral density SL is pro-
portional to SL , to the ratio of the effective bandwidth
nA2/2 of resonator 2, to the averaging bandwidth Aw, to the
mass ratio of the systems, and to the strength of the system
coupling as measured by X(i+X)-i. The replacement of modal
interactions averaged over system parameters with white noise
sources is an important device in the development of SEA
methods.
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3.2 Energy Exchange in Multi-Degree-of-Freedom Systems

We now consider two subsystems that are connected
together. We combine the analysis of distributed systems
in paragraph 2.2 with that for two single resonators in
paragraph 3.1 to develop a theory of multi-modal interactions.
The actual system that we are interested in is the situation
in Fig. 3.3a, in which the two subsystems are responding to
their own excitation and the interaction "forces". Each of
the sub-systems vibrates "on its own" when the other system
is blocked or clamped as shown in Figs. 3.3bc, and can be
analyzed according to the methods of paragqzph 2.2. Thus,
the equations for the blocked subsystems are:

(b) (b) + = pi/p. i=1,2 (3.2.1)
y ~ ~ +( 1 1  Ay 1 1

As in Paragraph 2.2, the operators have eigenfunctions and
eigenvalues

Ai ia = ia (3.2.2)

with, of course

< 1biai > =6 .(3.2.3)

The boundary conditions satisfied for ia include the clamped
condition on subsystem jl 1.

We now suppose that the spectral densities of the forces
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-1

Lia (t) = fdx iPia

is fla. (white) over a finite range of frequency Aw, and
that 4ithim this band there are N m ni Aw modes of each
subsystem, where ni(w) is the modal density of the
ith subsystem. The modes for these subsystems may be
illustrated as shown in Fig. 3.4a. Each mode group
represents a model of the subsystem. In the applications
of SEA, this model has some very particular properties, which
we now list and discuss:

1. Each mode is assumed to have a natural
frequency wia that is uniformly probable over
the frequency interval Aw. This means that
each subsystem is a maber of a population of
systems that are generally physically similar,
but differ enough to have randomly distributed
,parameters. The assumption is based on the fact
that nominally identical structures or acoustical
spaces will have uncertainties in modal para-
meters, particularly at higher frequencies.

2. We assume that every mode in a subsystem is
equally energetic, 4nd that its amplitudes

Y. (t) =dxi/M

are incoherent, that is,

<Y Y >t = 6 <Y2 >.

This assumption requires that we select mode
groups for which this should be approximately
correct, at least, and is an important guide
to proper SEA modeling. It also implies
that the excitation functions L. are drawn
from random populations of functions that
have certain similarities (such as equal fre-
quency and wavenumber spectra) but are
individually incoherent.

3. As a matter of convenience,, we may also assume
that the damping of each mode in a subsystem is
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the same. Th is not essential, but it

greatly simplifies the formalism and tends to be
nearly true for reasonably complex subsystems.

The conditions just described are the basis for the
word "statistical" in SEA. The concept of systems derived
by selection of individual modes and modal excitations from
random populations is of greater importance than the use of
random (or noise) excitation. Indeed, we can use SEA to
good accuracy in situations in which the excitation is a
pure tone if there are a sufficient number of modes in inter-
action to provide "good statistics". We shall see an example
of this in Chapter 4.

We now "unblock" the system and consider the new
equations of motion, which are

yri/p i ) yi+AiYi = [pi),1ij (xi xj )yj

+ (-3ij (XiIX j)Yj+ijYj] /P i

[i~j; i,j = 1,2] (3.2.4)

One now expands these 2 equations in the eigenfunctions
ia(x) to obtain

M [Y +A.¥ +W2Y]L + Z[ 1yYa+YaoYa+KaGYo] (3.2.5a)

M2 Yy+A 2 Y+WY]=L +E[P1Y Ya K Y ] (3.2.5b)
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where we now reserve the indices x,8,.. for subsystem 1
and a,T,... for subsystem 2, and we have also set Al-r /pi.
The mass of subsystem i is in these equations. The
coupling parameters are

PaG f P 12 [xIox2 (Xl) ] ici(x1 )II[x2 (x ) dxletc.

boundary (3.2.6a)

pa f I 2 1 [X1 (x2 ) ,x 2 ]*(x 1 (x 2 )]*(x 2)dx 2 ' etc.

boundary (3.2.6b)

where the integrations are taken along the boundary between
the subsystems andtherefore, over the same range of
Xlx 2 in both integrals. Conservative coupling requirements
are met by p o=a Yaa=Ya#,K=pr 1 y12 =y21 . and
K1 2 =K21

The coupled systems may now be represented as shown in
Fig. 3.4b, with the interaction lines showing the energy
flows that result from the coupling. Suppose we are
interested in the energy flow between resonator (mode) a of
subsystem 1 and mode a of subsystem 2. We showed at the end
of paragraph 3.1 that energy modal pair interaction, when
averaged over the ensemble of systems will act like a white
noise generator. Thus, modes a and a have energies E. and E.
(yet to be determined)as a result of these noise generators.
Further, the modal energies of subsystem 1 modes are all
equal, so that E. - El = const. and E. = E2 = constant. (Note
that E and E are modal energies). Under these circumstances
we hav4 for t~e inter-modal power flow

H1 = <B > 'W(E 1-E2) , (3.2.7)
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according to Eq. (3.1.25). The average value of B is found

in a wanner completely analogous to the re3ult in Eq. (3.1.29)
to be

<B > - -1 X>
a=, 2 Aw a, (3.2.8)

where X is defined by Eq. (3.1.33) and the average is taken
with respect to frequencies w a W

The total power flow from all N1 modes of subsystem 1
to mode o of subsystem 2 is, therefore,

1iTa =-<B > NI(EI-E2)

Finally, the total power from subsystem 1 to subsystem 2 is.
found by summing over the N2 modes of subsystem 2;

I2 <B a> N1N 2 (EI-E2)

= 6 1 6i 2 (E-E 2) (3.2.9)

whe.e 6w = Aw/N, is the average frequency separation
between modes.

Several interesting features may be seen in this
result. The first is that the power flow is proportional
to the bandwidth Aw, a result that agrees with our
intuition. Secondly, the power flow is proportional to the
difference in average actual modal energies of the two
subsystems, which by now we also expect. We recall from
Fig. 3.2 and Eq. (3.1.7) that /w is the frequency shift
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produced by stiffness coupling alone. We may suspect (and
more detailed analysis confirms) that the numerator of the
fraction in Eq. (3.2.9) is the square of the frequency
deviation produced by the coupling. The ratio of this to
the square of the geometric mean of the average modal
spacings of the two systems is a measure of the strength of
the power flow.

Let us define the total energy of the subsystems by
E and E2 ,tot. Then, clearly since Ei=E Itt/N1 and

E2=E2 ,tt/N2 F

H -B >N N E ltot E 2 tot]112 B 1 2 N1  N2  12

E l'tot N 2 E2'tot (3.2.10)

where 12=<B a>N2/w . If .Ye define n 21=N ln12/N2, then

1112 W (n12E ltot-21E2,tot) (3.2.11)

The quantities n12 azid n21 are called the coupling loss
factors for the systems i, 2. By introducing them, we have
lost the symmetry of the energy flow coefficients of the
preceding equations, but the coupling loss factor has strong
physical appeal. Notice that wr12 El,tot represents the
?ower lost by subsystem 1 due to coupling, just as the
quantity wrj El,tot represents the power lost to subsystems
1 by damping, as measured by the damping loss factor n=L/w.
Of course, if system I is connected to another system with
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energy E, , it will receive an amount of power E2,totT21.
The basig' Mationship

nl2 n2"21  (3.2.12)

is very useful in practical situations of power flow calcul-
ations.

We may now use these results to calculate the still un-
known system energies. Consider the system of Fig. (3.4b) to
be more simply represented as shown in Fig. 3.5. 'Then the
power flow equations for systems 1 and 2 respectively are

1l1ingldiss 12 1[ lltot 12El~to - 21E2,tot ]

(3.2.13a)

n2,inI2,diss+ 21l [n2 E2 ,tot+n21 2 ,tot-nl2El,tot]

(3.2.13b)

First, consider the case where only one of the systems
is directly excited by an external source. Set JI ,z0, and
accordingly, from Eq. (3.2.13b) we get

E2 ,tot = ' 12 n2  n2l

Elitot n2 +fl21  ni n2+n21  (3.2.14)

Which is the multi-modal equivalent of Eq. (3.1.27). A
sclution of Eq. (3...13) in terms of both power sources is

E1 = {1i,in N 2+?121) + f2,in21}/ wD (3.2.15a)
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E= {n2, inl1+n12) + nl,innl 2 /D (3.2.15b)

D -(ni 1 1 2 ) (N2+.21) -nl2T21• (3.2.15c)

The coupling loss factor or its various equivalent
expressions is a measure of inter-modal forces at the system
junction, averaged over frequency and over the modes of the
interacting systems. Sometimes this calculation may be
carried out directly, but more often it is found useful to
adopt another view of the interaction - that developed by
the impingement of waves on the boundary. Consequently,, we
now proceed to a discussion of the coupling of wave bearing
systems.

3.3 Reciprocity and Energy-Exchange in Wave Bearing Systems.

In Paragraph 3.2, we described the vibrations of th.
systems that we are examining in terms of modes. An
alternative formulation of the problem in terms of waves
exists that sometimes offers both conceptual and practical
computational advantages over a modal analysis. This
approach was touched on in paragraph 2.3, wherein we found
the dispersion relation between wavenumber and frequency
in the form of Eq. (2.3.2). We examined the admittance
function for a flat plate, both finite and infinite, to
a point force transverse to the plane of the plate.

In paragraph 2.3, we also discussed the vibration of
a simple resonator, shown in Fig. 2.9 as a result of its
attachment to a plate undergoing random vibration. We
found that the energy of the resonator was given by
Eq. (2.3.24), which ia identical in form to Eq. (3.2.14'),
where (the resonator Js zubsystem 2 and the plate is
subsystem 1), one has n2' =1 (one resonator mode), and
El,tot=Mp<V > and 21coup - r21. Thus, the quantity ncoup
that we calculated on the basis of an interaction of the
resonator with many modes of the plate is just the coupling
loss factor of Paragraph 3.2. But, it is also the same as
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would be calculated on the basis-of the resonator inter-
acting with an infinite plate [See Eq. (2.2.23)]. Consequently,
it is often advantageous to develop the equations for coupl -
inj loss factors on the basis of interaction with an infinite
system, since such calculations may be much simpler than they
would be on a modal basis.

We should also make another point about our use of the
term "blocked" as it applies to both interacting modal and
wave systems. We define the blocked system to be that
system that results when the other tystem has a vanishing
response for all time. Thus, for example, when a sound
field described by its pressure response interacts with a
structure described by its displacement, the "blocked"
sound field is that field that occurs when the structure is
absolutely rigid. The "blocked" structural vibration is
that vibration which occurs when the pressure vanishes, i.e.,
the in vacuo-condition of the structure. We would ordinarily
think of such a vibration as "free", but we must distinguish
between the "blocked" or "uncoupled" interaction, and our
ordinary ideas of free or constrained boundary conditions.
The interpretation depends on the variables that we use to
define "response" in the adjoining system.

We saw in Eq. (2.4.9) and in Fig. 2.11 that We could
form four simple waves out of -an eigenfunction of the
rectangular plate. Although such a replacement is not
universal, it is useful to think of it as a typical example
of wave-mode duality. The wave number lattice for normal
modes such as shown in Fig. 2.7 may be re-interpreted as
a distribution of waves by reflecting the lattice points
in the various coordinate axes (or planes) of the wave
number space. Incoherence of modes means incoherence of
waves in different directions. Equality of modal energy
is translated into equality of intensity for wave groups
contained by equal angles of spheres or circles in k-space
as shown in Fig. 3.6. A cylinder has a more complicated
locus for bending modes than that shown in Fig. 3.6 but in this
case also, the equivalence between waves and modes is
essentially as shown here.

The arguments for coherence and power are based upon
the decomposition of modes into waves as developed in
Paragraph 2.4. The relation between modal energy and
power is obtained by simply noting that equal modal response
amplitudes will result in equal amplitudes of each wave in
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the decomposition of Eq. (2.4.9). Secondly, if the modal
responses are incoherent, the wave motions for adjacent
points on the wave number circle in Fig. 3.6 will be in-
coherent. There is still the possibility that there wili
be appreciable coherence between waves in different
directions at any point, since there is functional relation-
ship between the phase of any one wave component of a mode
and the 3 (for a two-dimensional mode) other componentsa.
However, as noted in the discussion preceding Eq. (2.4.10),
Ciis phase coherence is quite small unless the source and
observation points are close together. If the source may
be assumed to be randomly located over the surface (or
volume) of the system, even this coherence will vanish.

We imagine, therefore, a diffuse wave field (in the
SEA sense) possessing energy distributed uniformly over
the frequency interval Aw., The energy density (Energy per
unit "area") of this field is Ae . The various parcels
of energy are carried by the waves with an energy velocity
Cg as defined by Eq. (2.3.7), and the power is distributed
among the various directions according to an intensity

d(AI) - Ae cg () dn/n t  (3.3.1)

where d(AI) is the intensity of wave energy in the interval
of directions dS, D(6) is a weighting function that
essentially measures the distribution of area in the in-
terval between k, k + Ak as a function of 0 in Fig. 3.6(b),
and It is the total range of the angle Q. One must have
eD(M)>s, = 1, and it often occurs that D (M) 1 (this is
called "isotropy").

Reciprocity. There is a general principle that applies
to systems composed of linear, passive and bilateral elements,
called reciprocity, that is quite useful in our discussions
of wave interactions. If we imagine for the moment that the
system is cut up into a very large number of tiny masses,
springs and dashpots (dampers) these descriptors mean
the following:

-(a) linear: the mechanical response of each element
is directly proportional to the force (including
its sense) causing the response
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(b) passive: the only sources operative are those
explicitly set aside as sources in the
equations of motion; no element of the system
can generate energy.

(c) bilateral: in transferring forces from one
neighbor to the next# a reversal of roles
between the neighbors as to force interactions
will result in an exact reversal of the
relative motions. Notice that gyrators are
excluded from the system at this level, even
though the interaction of system modes may end
up as a gyroscopic interaction.

The statement of reciprocity may be made with
references to Fig. 3.7. If at any two terminal pairs of
a reciprocal system we generate a drop I at terminal pair
1 and measure a flow U through a "wire" connecting the
terminal pair 2, then if a drop pS is applied to terminal
pair 2, a short circuit flow v' will be developed at
terminal pair 1. The statement of reciprocity is

v= U
Fr  7(3.3.2a)

The only restriction is that p', U and £,v' be con-
jugate variables, that is, their time average product
equals the power flow appropriate to that set of terminals.
Clearly

I -I- (3.3.2b)

and if p' and k are noise signals with identical spectral
shapes, then

<V 2> <U2><- 2> <k2> (3.3.2c)
<p, 2 > <92>
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Similar statements are easily derived for the systems
show, in Figs. 3.8 and 3.9. They are

<P2> < (3.3.3)
<v2> <7T 2 >

for system B, and

- -(3.3.4)
<v2 > <p, 2>

for system C. These various statements have their applications
depending cn whether it is-more natural for us to apply
forces or velocities at one location, and measure forces or
velocities at the second location.

Systems Connected at a Point. As a simple example of
reciprocity consider the force exertb on a point clamp at
the edge of a plate, as shown in Fig.i 3.10, due to vibration
of the plate. Let k(t) be a band limited noise load applied
to an arbitrary point x. on the surface of the plate, and let
kt be the load that results on the clamp. The load X will
inject an amount of power <Z2>G into the plate (G is the
mechanical conductance for the slate) and this wily result
in a m.s. plate velocity <v2> given by

p

<v2> = <k2>G /wp M (3.3.5)
p p p p

where rip is the loss factor of the plate modes and i is the
plate mass. Now we say that

<k2> < v2> (3.3.6)
B pi
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where r is the parameter that we seek.

In the reciprocal situation, we drive the clamp with
a prescribed noise velocity v'B(t) that has the same band
limited spectrum that 1(t) has. This velocity source
generates an amount of power <v'B> R1 , (R is the input
resistance at the edge of the plate) whici results in a plate
m.s. velocity <v'2> given by

<vp

-v2 <Vo2 > R /Wi M. (3.3.7)p B 1p p

If we now apply the reciprocity statement of Eq. (3.3.4),
or Fig. 3.9, we obtain > _ <V 2>/<V;2> or

r - R1/GIa. (3.3.8)

Let us now extend this example by connecting a second
plate to the first at the edge point under discussion,
requiring that they move together in a transverse way but
(to keep the matter simple) no moment is transmitted. Again,
we let kl(t) be the band limited noise, that generates a
m.s. velocity on plate I given by <vi>. We are interested
in finding the velocity <v2 >a r, <v'> that results from this
motion. Clearly

<v2> = r' <vi> a r' <W,2> G1, AnlM1  (3.3.9)

If we now apply the load kl(t) (same spectrum as k) at the
position where v2 was measured, we will inject an amount of
power <12'2> G21  into plate 1 through the junction (call
it JI) and a ertain amount will be dissipated. From our
earlier definitions of loss factors and coupling loss factors,
this fraction is

nil - <112> G2,- n2 1/(n 2 1 + n2) (3.3.10)
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This power, transmitted into plate 1 will produce a m.s.
velocity

<vi2>= nII/WnM 1 . (3.3.11)

Applying the reciprocity condition,

' G2 <v2>

re 1,21 2 (3.3.12)G1 ,. 2+n21  <v 2 >
1

If the conditions are such that G = (w/2(n,/M2) and
= (1T/2)(n 1/Ml). Then Eq. (3 .11) can Be rewritten

as

M<V2> 1 v>
= 2 1 1 n2l (3.3.13)n 2  nI 1 2 +21

which, of course, is the same result as Eq. (3.2.14). In a
sense, this offers an alternative derivation of the basic
power flow relations of SEA and it avoids discussion of
either modes or waves. Of course, to evaluate G1,00 and
G2,- , one must have either a-modal or wave model. Also,
to evaluate n21, one must either do a modal analysis,
following the chain from vEqs. (3.2.4, 5, 6), through
Eq. (3.2.9) and (3.2.10), or proceed by wave analysis.

We can relate the power flow from plate 1 to plate 2
to the blocked force given by Eqs. (3.3.6) and (3.3.8),
by subdividing the situation shown in Fig. 3.12a with the
two problems shown in Fig. 3.12b. The actual force X
that the function applies to plate 1 is equal to the blocked
force ZB' less the force induced by the velocity, kl-vZl .

Since our convention is that upward forces and velocities
are positive, the upward velocity v imposed at the boundary
will result in upward force vZ, on the edge of plate 1. The
motion v will also produce an upward force vZ2 on plate 2
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and a consequent downward reaction force on the edge of
plate 1. Consequently,

- vZ 2 - La + vZ1

or

<1>- <v> I1z1+Z 12  (3.3.14)
B12

-We now relate <+ to <v2> by Eq. (3.3.6). We can
relate <v2> to <v2> by a relation similar to that of
Eq. (3.3.7);

<v>- <v 2> R2/ WM2 2 . (3.3.15)

We may then combine Eqs. (3.3.6, 8, 14, 15) to obtain

MMv1 M<v2 > 2 RIR2 1

2 n1 1 +ZI 21" 2  (3.3.16)n2 nl [1 12

In many ways, Eq. (3.3.16) is the multi-dof equivalent
of Eq. (1.1.19) since M<v2> is deter.ined in Eq. (3.3.16) by
the power injected into system 1, and the power flow co-
efficient in the relation

12 =2 2 (3.3.17)
1Iz+z21
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is the *coupling loss factor" for the uncoupled system
energies. Tt satisfies the same reciprocity relation that
n12 does - namely

n1a12 = n2a21  . (3.3.18)

The quantity al2 will take on various forms depending
on the nature of the interacting systems, and its relation
to ni, will depend on the system. We shall come back to
this in paragraph 3.4.

The result of Eq. (3.3.17) for the system in
Eq. 3.11 is typical. Sinca %2 must ultimately be deter-
mined by a , the coupling loss factor is usually
representaife in terms of certain junction impedances or
averages over such impedances. If we had allowed moment
constraints between the systems, then our impedances would
have become matrices involving both force and moment terms,
but the structure of the result would remain the same. The
impedances that enter Eq. (3.3.17), ZI=RI-iX1 andZ2=R2-iX2 ma- be evaluated on either a modal or wave basis.

As we saw in Chapter 2, there are circumstances in which a
junction impedance can be quite simply calculated on a wave
basis if resonance frequencies are averaged over a band of
frequencies and if the drive point is also randomly located.
Thus, one important use of wave analysis in SEA is in the

* calculation of junction impedances.

Systems tonnected along a Line. The coupling loss
factor is fairly asy to derive when the systems are con-
nected at one or more points. Another relatively tractable
situation is when the connection is along a line (for two
dimensional systems) or along a surfa.Je (for three dimen-
sional systems), if the dimensions of the line (or surface)
are large compareA to the length of a free wave in the
system. In this case, a set of waves in the interval dSI,
shown in Fig. 3.13 will be partially transmitted and partially
reflected at the junctioi. In acoustics, the ratio of the
transmitted to incident power is called the transmission
coefficient T(Q) and will in general depend on the direction
. that the incident waves are travelling with respect to
the bounding line or surface.
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By our hypcrthesis,, therefore, the total transmitted
power will be

Jl2 =1 r(S) d(AI) L (Q) (3.3.19)

inc

where d(AI) is given by Eq. (3.3.1), inc is the range of
angles of propagation that impinge upon the boundary, and
Lp(Q} is the projection of the boundary length (or area)
presented to the Waves travelling in direction' S1. Since
112 is the transmitted power due to energy AlA4E 1 , where
A1 is the area (or volume) of system 1, we have'

n12 H w 1 2 c f -- JT 61) L p(P)D(S1)dQ.
1 i (3.3.20)

the For example, in a 2-dimensional isotropic system, let
the transmitting boundary be a straight line of length L
and Q be the angle of wave incidence, as shown in Fig. 3.14.
Then D(S) = 1, f.= , Qt = 2v .

c f /2 c L
n12= 2 i. T(Q) cosS dQ = 2wA<T(}CO>

n/2 1

[2-dim'l] (3.3.21)

Of course, the transmissibility must be known, but
this information is usually available from existing sources,
or is calculable. In the 3-dimensional acoustic case,c=cgn
speed of sound; A1 )V1 , the room volume and L+Aw , the area
of the adjoining partition. Also gt=4n (steradians) and
Qi=2v steradians. Then,

CAw
n12 = c <T(M)COS > i[3-dim'l] (3.3.22)
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where * is the angle between the wave vector and the
normal to the panel, and -10 log <T(Q)qos > is the
ordinary transmission loss (TL) of building acoustics.
In this situation, therefore, we would be advised to evaluate

"12 from existing data sources on wall transmission loss.

3.4' Some Sample Applications of SEA.

Here, we present some applications of SEA that demon-
strate its usefulness in relatively simple situations that
are of practical interest. The emphasis here is in the
use of relations developed in paragraph 3.3, rather than in
development of the theory. Of course, every new application
will generate formulas or data for the parameters that we
are interested in, such as modal densities, coupling loss
factor, and damping loss factor.

Resonator Excited by a Reverberant Sound Field. As
the first example we consider a resonator formed by the
small piston of mass M0 in the wall of a room as shown in
Fig. 3.15. The piston is supported by a spring of stiffness
Mw and a dashpot having a mechanical resistance w 40.
We shall call the room system "R" and the resonator 2ystem
"0". Then, according to Eq. (3.2.14)

E0  1 nOR
--= (3.4.1)

ER AR n0 +nOR

where. 'R is the coupling loss factor from the resonator to
the room. We evaluate nOR by using Vq. (3.3.17). The
impedance Z is the radiation impedance of the piston
"looking into" the room

ZR = Rrad - iu Mra . (3.4.2)

These quantities are well known for the piston radiator. The
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impedance "looking into" the resonator was given in Eq.

(2.1.19),

Z 0 = T00M0 - iW M0 (l-W/W 2) (3.4.3)

Thus, averaging aOR (defined by Eq. (3.3.17)) over
the band Aw gives

0 <OR A 7T 1 onMO+Rd - iW (MO+Mrad)+iW2Mo/Wi 2

00 rad
W 0  M0 +Rra d  (3.4.4)

and substituting w0 <a> into Eq. (3.3.16)

<PR>R 1 radM0 <v2> R a (3.4.5)Pc2  nRw WOCIOM0+R (34.rad

where we have used n2-n0. Comparing Eqi. (3.4.5) and ('3.4.1),
we see that

nOR = R rad/WM0 (3.4.6)

The coupling loss factor for the piston resonator, therefore,
is determined by the radiation resistance of the piston
"looking into" the room. When R w>>0̂M , the energy
of the resonator will equal the D@aragg m~del energy of
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: the sound level.
I

_Two .Beams in Longitudinal Vibration. As a second
example, consider the problem of two long' beams connected
by a fairly weak spring, as shown in Fig. 3.166 If beam 1 is
directly excited to-energy M1 <vl> and beam 2 is only
excited through the connection, then by our assumptions,
the energy flow will be fairly weak into beam 2. We
may use the result expressed by Eq. (3.3.16) dir3Ctly,
where we dbfine system 1 to the beam 1 and the spring,
and system 2 to be bew:m 2 alone. Then, the 'average

i mechanical impedance looking into beam 2 is

: 2 (P c2A) -2 P2c2A2.Z2rR (3.4.7)

The impedance looking into system 1 is complex

R, i./W ' ° )  ik (Klw)2
S1 R1 , +i K/w w R1

Using R 1=R e(Z 1) and K/w << Ri, ®,r R 2,c I we!,qet

M <v2> M v2
=2 2 (3.4.9)n2 n 1dina n  Pil As 2c2A2

In this case, a12o'12 (modal energy of system 2 << modal
energy of system 1) and we can say

8 K 2/ 2  (3.4.10)
12 = 2 PlclAI.P2 22
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Note the similarity between this result and that of Eq.
(3.1.28).

Two rooms coupled by a limp curtain. As a final
example in this section, we consider an application of
Eq. (3.3.22). We want to evaluate n12 for the system shown
in Fig. 3.17. TwO rooms, of volume Vi and V2 are separated
by a "wall" that has a mass density m and area Aw . The
average transmission coefficient for this situation is known
to be approximately

<-r (SI) coo> i ' "(3.4.11)

Thus

2c$

n12 sm2 w (3.4.12a)

The energy expression Eq. (3.2.14) in this case becomes simply

2> V < V I12  (3.4.13)

<P 12  1  TI2 "'21

Where n 2.2/fT (2 ) , T( 2) is the reverberation time of room

2, and

n21 2 c 3Aw (3.4.12b)62 w 6 3m2 V2 "

Equation (3.4.13) predicts that 1= when losses in V2
due to transmission of sound through the wall exceed the
losses due to sound absorption in room 2.
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i M2

FIG 3.1

TWO LINEAR RESONATORS COUPLED BY SPRING, MASS,
AND GYROSCOPIC ELEMENTS

S*CSlly _,i- . 2 K <

I 1  wo I 2 n.wSYN
s-io K

I

FIG 3.2

SPECTRAL DENSITY OF INDIRECTLY EXCITED RESONATOR
VELOCITY AS A FUNCTION OF THE DEGREE OF COUPLING
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Y:RESPONSE OF1 p2 EY,~fO 20a
YZ3

2 2
1 2

PI: EUcIATION OF I OF 2 P1 6CLAkMPEDIG

(a) (b) (C)

FIG 3.3

(a) SYSTEM OF INTEREST:TWO SUBSYSTE MS INDEPENDENTLY EXCITED
AND, RESPONDING BOTH TO EXCITATION AND COUPLING FORCES

* (b) SYSTEM 1 VIBRATING IN RESPONSE TO ITS OWN EXCITATION,
S-YSTEM 2 Is:BLOCKED, -Cc) SYSTEM, 21IS VIBRATING IN -RESPONSE

TO ITS EXCITATION, SYSTEM I IS BLOCKED.

SYSTEM I SYSTEM 2 SYSTEM I SYSTEWv 2

20 029

(a) BLOCKED (,b)'-WtTH INTERACTION

FIQ 3:.4

(a) 'SHOWS MODAL SETS WHEN THERE S NO INTERAC TION, AS
ACHIEVED BY CONDITIONS SHOWN IN FIG 3.3 (b,c).

tb) SHOWS -MODE. PAIR 'INTERACTIONS THAT OCCUR WHEN ACTUAL
-CONDITIONS ARE OBTAINED AT THE JUNCTION



1 I2
fig E2~ I

r ~1

* FIG 3.5
AN ENERGY TRANSFER PINO STORAGE MODEL THAT CAN REPRESENT
THE S*.YSTEM SHOWN IN FIG, 3.4 (0) WHEN THE SEA MODEL IS ,USED

THE DEFINING PARAMETERS ARE THE-MASSES MUM2;
THE LSS FCTORS~ ~;THE MODAL DENSITIES niu 1 A

n2 pN 2/Aoi AN D THE COUPLI NG LOSS FAC TOR, tj1

MODAL RESPONSE:ICOENT
IS ,INCOHERENT;POE al

* UEQUALLY ENERGETIC

* kA

v- k .n -

* ALLOWED
* WAVES

(a) MODiAL LATTICE -(b) WAVE DISTRIBUTION

FIG 3.6

I - EQUIVALENCE OF MODAL AND WAVE COHERENCE ASSUMPTIONS IN SEA
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(,a) (b)

FIG 3.7

IF THE SYSTEM A IS RECIPROCALITHEN IF I AND p' ARE 'PRESCRIBED
DROP" SOURCES AT FREQUENCY w, THEN ONE HAS U/I v'/p'

I%
(a) (b)

FIG 3.8

SYSTEM 8 IS THE SAME AS SYSTEM A WITH THE TWO TERMINAL
PAIRS 'OPEN" THE RECIPROCITY STATEMENT IN THIS CASE IS p/v * P U'

V~tU u(t)

(a) (b)

FIG 3.9

SYSTEM C IS THE SAME AS SYSTEM A WITH TERMINAL PAIR I
OPEN - CIRCUITED AND TERMINAL PAIR 2 SHORT-CIRCUITED. THE

RECIPROCITY STATEMENT IS NOW U/v aJp.
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FIXED EDE POINT, NO M10 T
APPLIED, APPLIED FORCET

FIG 3.10

PLATE DRIVEN BY POINT LOAD NOISE SOURCE WITH
SECOND POINT ON PLATE EDGE FIXED WITHOUT MOMENT RESTRAINT

/ ATTACHMENT

FIG 3.11

THE PLATE IN FIG. 3.10 IS NOW JOINED TO
ANOTHER PLATE AT ONE POINT ALONG THE EDGE

WITH NO MOMENT COUPLING OR RESTRAINT
lii



PLATEI PLATE 2

vt

FIG 3.12
SKETCH OF 2-PLATE SYSTW OF-FIG 3. I SHOWING HOW THEACTUAL INTERACTION IS DEVELOPED AS A COMBINATION

OF 2 IDEALIZED PROBLEMS

SYSTEM I

d (Al)

SYSTEM 2

FIG 3.13
ENERGY FLOW TOWARD SYSTEM JUNCTION IN THE ANGULAR INTERVAL dn

112



YSTEM JUNCTNM TRANMSSSUTY t(fl)

FIG 3.14

SKETCH SHOWING TRASMISSON OFPOWER BETWEEN TWO
SYSTEMS THROUGH A LINEAR JUNCTION!I

~ROOM VOLUME .Vi

NUMERATION T

MO REVERBERANT AND
DIFFUSE SOUND

FIELD

FIG 3.1,5

A PISTON RESONATOR IN THE WALL OF A REVERBERATION
CHAMBER INTERACTING WITH THE CONTAINED SOUND FIELD
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Lll

FIG 3.16

TWO BEAMS IN LONGITUDINAL VIBRATION
COUPLED BY A SPRING OF STIFFNESS K

AREA Aw

TWO ROOMS COUPLED BY LIMP WALL OF SURFACE DENSITY m
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CHAPTER 4. THE ESTIMATION OF RESPONSE IN STATISTICAL ENERGY
ANALYSIS

4.0 Introduction

In the preceding chapters, we have shown how the energy
of vibration may be estimated in an average sensed based on
system parameters that are fundamentally descriptive of energy
storage and transfer capabilities of the systems. The use of
energy quantities has the great advantage that sound, vibration
and other resonant systems all are described by the same
variables. Consequently, our viewpoint has great generality
which is useful when we must deal with systems of such com-
plexity.

This generality, however, has its shortcomings. We must
remember that: our motivation for these studies is usually not
directed to the energy of oscillation, as such. Systems do
not make too much noise, or fatigue, or have component mal-
function because they contain too much energy, but because
they move, are strained or are stressed too much or too often.
Consequently, we must interpret the energy of oscillation in
terms of dynamical variables of engineering interest such as
velocity, strain, pressure, etc. We have already done this to
a degree in earlier chapters, particularly in paragraphs 3.4.
In paragraph 4.1 we shall expand on this important aspect of
response estimation.

The calculations and formulas of energy prediction in
Chapter 3 are directed toward predicting average energies,
the average taken over the set of systems forming the ensemble
of "similar" systems constructed according to the SEA model
described in paragraph 3.2. Since we have a population of
systems, the energy actually realized by any one system (the
one sitting in the laboratory, for example) will not be
precisely equal to the average energy as calculated by the SEA
formulas. We can get an idea of how much our system may deviate
from the average system by calculating a standard deviation
(s.d.) of the system energy. This has, in fact, been done for
some cases, and we can give some general ideas for estimating
the variance (square of the s.d.) for practical situations.
The calculation of response variance is discussed in
paragraph 4.2.
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The calculation of standard deviation is reassuring to one

using the mean energy as an estimate only if the s.d. is a
small fraction of the mean. Then we know that most realizations
of the system (again including the one sitting in the
laboratory) will have a response that is close to the mean.
But what if the standard deviation is equal to the mean, or
greater? In this event, the probability that any one real-
ization is close to the mean will be small and the mean value
loses its worth as an estimate.

In such a situation, it is common to calculate the
probability that a realization will occur within some stated
interval of response amplitudes. The probability associated
with this "confidence interval" is called the "confideice
coefficient". In order to carry out these calculations, how-
ever, we need a probability distribution for the energy. This
distribution is introduced and the estimation procedures are
derived from it in paragraph 4.3.

The distributions used for generating confidence intervals
tend to be fairly accurate of the "middle range" of response
levels, but are generally fairly inaccurate in predicting
response having-a very small probability. If we have a special
interest in either the greatest or smallest response levels
that may occur, we usually must take a different approach.
Paragraph 4.4 describes the estimation of the probability of
very large values (having small probability) in a particular
situation. It may be argued that the problem treated in
paragraph 4.4 is not properly an SEA problem, because it
deals with the coherent properties of modal response. Never-
theless, the entire approach of describing modal responses by
their m.s. values and adopting a statistical view of the
population of systems being considered is very much within
the SEA framework.

4.1 Mean Value Estimates of Dynamical Response

We can make useful estimates of the mean square amplitude
of response based on the energy calculations in Chapter 3.
We first consider systems like those discussed in paragraphs
2.3 and 3.4, in which only one mode of one system is inter-
acting with a group of modes of another. This one mode may
actually be a single dof system like that shown in Fig. 2.1
or it may be a mode that we single out for particular
examination within a multi-modal system. We may do this by
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restricting the excitation bandwidth so that this is the only
system mode that is resonant.

Single Mode Response

Suppose that the multimodal system I is excited by noise
sources of bandwidth Aw. System 1 has total energy El to t
auid N1 modes that resonate in this bandwidth. System 2 has
only one mode with mode shape *2 (x2)- According to paragraph
3.2, the energy of this mode will be given by

E= E1  2  (4.1.1)2 1 2+n21

where n2l may be determined from averages over interaction
parameters as in Eq. (3.2.8) or from boundary impedances as
in paragraph 3.3. Let us assume that this has been done, and
we now want to find the actual response at location x2.

From Eq. (2.2.3) we have

Y2 (x,t) Y2 (t) '2 (x), (4.1.2)

with the general result that

E f dx p< >t M 2 <Y(t)>t = M2  <y(t)>tE2  MY2 2(M22 t

(4.1.3)

where M is the mass of system 2 and a2 is its resonance fre-
quency Jwhich might just as well be taken as w, since w2 is
within Aw by hypothesis). Thus
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XE 2 El'o "21 1 1 2 *(X)

<Y (Xt)>t = I ( =tot .....
3w2M2  I N 1  n2+21 w2M 2

(4.1.4)

Thus, our statistical model of the system does not
restrict us in any way from determining the spatial dis-
tribution of response. Of course, the normalization of the
*2 function still ensures that

<y2> Pt= E2/W 2M2 "

In Fig. 4.1 we show the form of the distribution of y2 for
a typical mode shape of a beam. The distribution of <y5> 2

which would be proportional to the surface strain in the
beam, is also sketched.

Multi-Modal Response. When there are several resonant modes
(N2) of (indirectly excited) system 2 in the band Aw, then
Eq. (4.1.1) has the form

E2 t t E t= tot 21 (4.1.5)
N2 E 2  N1  n2+n21

and the m.s. response of the system in time and space (or
mass) is

<Y2>Pt = E2 ,tot/w2 M2, (4.1.6)
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which we may regard as our estimate of the system response.
Note, however, that if such an ettimate were made in the
situation of Fig. 4.1, it would be rather poor, since the
actual value of <y2 >t only equals the estimate <y2> % at a
finite number of points and oscillates around the ef ate
without converging on it.

In the case of two or three dimensional systems with many
modes of vibration, the function <y->t tends to converge on
the estimate of Eq. (4.1.6) in many important instances. To
demonstrate this, we consider a rectangular supported plate
which has modes

*(x) - 2 sinkI xI sink2 x 2  (4.1.7)

where

k 1 = dI,/ lAk2=a 2 7/L2;a1 a2 - 1,2...

The modes that resonate within the interval A: = Aw/cg are
shown in the hatched region of Fig. 4.2.

As a result of our model of the system interaction,
spelled out in paragraph 3.2, we can make the following
observations about the response of system 2.

(1) The response may be written in the form

Y2 (x,t) = Z Y,(t) *,(x) (4.1.8)
0

(2) The modal response amplitudes Y, (t) are incoherent;

<Y t M ) <Yt(t)>tda  (4.1.9)
11 9 a
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(3) The modes of system 2 are equally energetic

(= <%)>t E2 /i 2 M2  (4.1.10),

Thus, we can say that

Z Y t > tji (x) T (x)
a T

= <y2 (t)>t Z *'(x), (4.1.11)
2 a

where the allowed values of a are determined by the modes of
system 2 that resonate in Aw.

The result of Eq. (4.1.11) is quite general. For the
specific two-dimensional system at hand, we can write,
therefore,

<Y 2>t/<y-> 4N-1 Esin 2klxl sin 2kx2

- Nit Z(l-cos2klxI )(l-cos2k 2x2)

a

(4.1.12)

We evaluate the sum by replacing it with an integral over
in the hatched region of Fig. 4.2. We can see that if dN2
is the number of modes in the rectangle bounded by Ak and do,
then dN2/N2 = 2do/w, since the modes are uniformly distributed
in *. We may then write
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<y- r/2 [t~ 1-cos (2kxlsin# ) cos (2kx,2cos#)

+ cos(2lcx 1sin#)cos(2kx 2 cos#)] d#

= 1-J 0 (2kxl)-Jo(2kx2 ) + JO(2kr)

(4.1.13)

where t = ixJT . We have evaluated the integral for the
region near xl, x2 0. Since the sum in Eq. (4.1.12) is
unaffected by the substitution xlstl -x1 , x2-2-x2, the total
pattern is as shown in Fig. 4.3.

Thus, we can estimate a spatiastlly varying temporal mean
square response of a system even with rather extensive
assumptions regarding the system interactions. Patterns of
the kind shown in Fig. 4.3 have been developed for a variety
of systems, and are available from the literature. They are
usually of interest if one wishes to avoid locating an item
or making measurements at a point where the response is
excessively high or otherwise unrepresentative.

Wave estimates. The use of wave models for SEA response
estimates extends the power of SEA greatly. We can develop
response patterns like the one shown in Fig. 4.3 equally well
using a diffuse wave field model like that discussed in
paragraphs 2.4 and 3.3. The more important application of
wave notions employs the use of average impedant, functions
at system boundaries for the evaluation of couplirih loss
factors as discussed in paragraph 3.3.

As an example, consider the system shown in Fig. 4.4a,
a beam cantilevered to a flexible plate. Along the line of
connection of these systems there will be very little dis-
placement (we shall assume there is none) because of the very
high in-plane impedances of these systems. Nevertheless,
power will be transmitted by torques (moments) and rotational
motion of tho junction. In order to evaluate the coupling
loss factor, we must find the power transferred between the
systems.
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The "decoupled" systems are produced by eliminating the
rotation of the contact line as shown in Fig. 4.4b. The modes
of the beam for this condition are readily found - the beam
has clamped - free boundary conditions. The plate, however,
has a very complicated boundary condition - the boundary
conditions around its ou4 .r edges and clamped along a finite
line in the interior.! It would require a complicated computer
routine to find its modes.

Nevertheless, we can invoke two principles -from our work
thus far that allow us to solve this problem. The first is
that of reciprocity of the coupling loss factor

Np~pb - Nbrbp (4,.1.14)

which allows us to use nbp, the beam to plate coupling loss
factor (which is easier to calculate) to evaluate n b. Secondly,
.the moment impedance "looking into" the plate may a evaluated
by 'donsidering the plate to be infinite. This has the effect
of eliminating reflected energy in the plate from returning
to the junction. In a manner completely analogous to the
results in paragraphs 2.2 and 2.3 for the admittance for a
transverse force, the moment impedance, averaged over the
location of the junction of the plate and over resonance
frequencies of the interacting systems in the band Aw, is given
by the infinite system impedance, which is known.

In paragraph 3.3, we obtained a general result that, in
terms of actual boundary impedances, the power flow between
systems is given by

1 -wa E(b) (4.1.15)
bp bp b,tot

where
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On the other hand, we have the general result that (see
Eq. 3.2.10)

gbp = uibplEb,tot - N Bp,tot) (4.1.17)
p

It must be emphasized that Eqs. (4.1.15) and (4.1.17) are
fully equivalent and apply to all conditions of system size,
damping, etc. In general nb and ab are different functions.
However, if the receiving system (thN plate in this instance)
is made very large, while its loss factor np is held fixed,
the term Nb E tot/N will vanish in Eq. (4.1.17). If we use
the infinite plate ipedances in Eq. (4.1.16),

2 RbRp()abp fnn b  Zb+Zp( (4.1.18)

The relation between nbp and a,, is then readily found.
Since the input power to the system- is independent of the
junction,

H. E (b) A = E A+wa E(b)i,in l,tot 1 l1tot 1 1 2 l,tot (4.1.19)

we have

W11 E =Wn 1 - aab E (b)
(rTbp b,tot =  lbp A b, tot

E = [1_ (bb

= wa E(b) (4.1.20)
bp b,tot

and, consequently,

= abp (1 wabp/Ab)-l (4.1.21)
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When we deal with a single beam mode, then Ab= Rb/Mb and
the average of abp over the band is

2 .0  a. %R+RD<a> 7 (4.1.22)Dp>A, ',,W (Rb+ RP) b

Substituting into Eq. (4.1.21) then gives

W Rbp -p()/N . (4.1.23)

On the other hand, when the modes of the beam are dense so
that nbAb "1, the beam "looks infinite", and one has

wa Rb-l)R (0)1
" b 2 Rb( (- ) l R << 1 (4.1.24)

Ab 7r Zb(C) +Zp ( T bb

and referring to Eq. (4.1.21), we get

+ a 2 (41l.25)T]bp bp - rnb IZb()+Zp () I

Where we have used Z p (-)m-R(w)-i Xp(o-) to emphasize that
these are input impedance functions for the infinitely
extended system. Extending the receiving system affects
the value of ak_ but does not affect the value of nT,
since nbp depends on a mode-mode coupling coefficienP
<Bua> in the form [see Eq. (3.2.10)]
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Wn bp = <Bbp> np Aw. (4.1.26)

As the plate gets larger, the coupling <Bbp> diminishes

inversely with plate area since the quantities ji2,Y,K2
are inversely proportional to the mass of the receiving
system according to Eq. (3.1.4) (or plate area) and n. is
proportional to plate area. Thus, while Eq. (4.1.16) applies
to any situation, Eq. (4.1.21) is only correct when infinite
system parameters are used for the receiving system.

In the system of Fig. 4.4, the infinite system junction
impedances are

= P c2S bKc-(l+i) (4.1.27)b= bbb bfb

and

M = 16p K c/m1-ir) (4.1.28)
p sp p

where Pb, cb,KI are the material density, longitudinal wave-
speed, and radius of gyration for the beam with the same para-
meters for the plate with a "p" subscrt. Sb is the cross-
sectional area of the beam, Cfb = VwKb cb is the flexural
phase speed on the beam and p5 the mass per unit area of the
plate. The quantity r is a moment susceptance parameter
that depends on the shape of the junction. If we assume that
zM >> Zb, then RplZpl- 'I +Gp , the plate moment conductance

and the result is independent of r. With this assumption
and assuming the beam and plate are cut from the same
material, we get

nbp w/4k, (4.1.29)
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a surprisingly simple result. We have also used the modal

density of the beam

nb(w) = X/2 rcfb . (4.1.30)

The coupling loss factor from plate to beam is, according to
Eq. (3.2.12)

npb = nbnbp/np (4.1.31)

where np- Ap/4KpCp .

Using Eq. (4.1.29), we obtain an estimate for the average
response of the beam for bands of noise,

M nb na..pvMb nb  bbp (4.1.32)

in Fig. 4.5 we show a comparison of this simple theoretical
result for the two limiting experimental conditions, first
for nbp>>nb and then for nbp<<nb* Modal energy equipartition
between the beam and plate would be expected to obtain in the
first instance, but not in the second.

Strain Response. As an illustration of how energy
response may be expressed in strain or stress of the system,
we have already shown that the pressure within a sound field
is given by

<P2>VR <v2> MR (4.1.33)
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where <v2> is the m.s. velocity of the fluid (air) particles.
Using p0c2 - yP0, this expression may also be written as

<p> §S2> <V2>

p02 <( 0 v2  (4.1.34)

(yp 0 ) 2

where 6p/po is the volumetric strain (dilatation) of the
fluid since yP0 is the volumetric stiffness (bulk modulus)
of an ideal gas. The equation states that the m.s. strain equals
the m.s. mach number (ratio of particle velocity to sound
speed) of the particles.

Quite a similar result also obtains for plates. In a
plate of thickness h, the strain distribution across the
plate thickness is given by (see Fig. 4.6)

E(z) _2z . (4.1.35)h m

where Cm is the strain at the free surface of the plate,
where it is a maximum. The strain energy density of a layer
of plate material dz thickness is 1/2 dze2(z) Yo, where Y
is Young's modulus, so that the total strain energy densigy
is

PE density = Yo dz z2 4 2 = 22 (4.36f h2 m h M0

-h/2 (4.1.36)

If this is equated to the kinetic energy density 1p h<V 2>
we get
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< =3 - (homogeneous) (4.l.37a)
C Ci

where we have used K2-h2/12 for a homogeneous plate. For a
sandwich plate with all its stiffness at the surface,
K=h/2 and one has

< 2> = <v2>/c2 (sandwich). (4.1.37b)

The results of Eq. (4.1.37) are entirely analogous to that of
Eq. (4.1.34) and allow us to develop mean square strain estimates
from energy (or velocity) estimates.

4.2 Calculation of Variance in Temporal Mean Square Response

In paragraphs 3.3, 3.4 and 4.1 we have shown how average
energy estimates of system response may be developed and
how m.s. response estimates are derived from the energy. We
have seen, however, in Figs. 4.1, 4.3 and 4.5 that the average
energy may not be a good estimate of m.s. response at a
particular location on the system or in a frequency band in which
the number of modes is too low. In this section, we shall
develop estimates for the deviation of realized response from
the mean in terms of the standard deviation (square root of
variance) from the mean square response. Note that the
variance that we are discussing is from one "similar" system
to another, or from one location to another, not temporal
variance. If we are dealing with noise signals, we assume
that the averaging time is sufficiently long to remove
variations due to this cause.

The variance in response between the mean and any member
of the population is produced by four major effects.

(1) The modal energies of the directly excited system
may not be equal, because of the spatial
dependence of the actual sources of excitation
and the internal coupling of the blocked system
may not be great enough to ensure equipartition.
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(2) The actual number of resonant interacting modes
in each realization of the coupled system will
vary.

(3) The strength of the coupling parameters will
fluctuate from one realization to another because
of slight changes in modal shape at the junction
of the systems.

(4) The response at the selected observation position
will vary because the observation position is

,randomly located and because the mode shapes change
from one realization to another.

The way in which the variance of re ponse depends on
these four factors is not obvious, and indeed, has not been
worked out for many cases of interest. There is a con-
siderable area of interesting research work that needs to
be done in analyzing variance of interacting systems. We
should also remark here that we are required to use modal
analyses to calculate variance. The wave-mode duality is
useful for mean value estimates, but a wave analysis of
variance by its nature disregards spatial coherence effects
that are essential to the calculation of variance.

Modal Power Flow and Response. To calculate variance
in the modal energies, we return to the system of Fig. 3.4.
The power flow from all of the resonators of system 1 to
resonator a is (system 2 has no external excitation)

ilia M A E(b)= ZB (EI-Ea) (4.2.1)
a aca a xaa

where Ac is given by Eq. (3.1.20) and B., is given by
Eq. (3.1.26) with appropriate subscripts entered. If the
damping of the "a" is hcy, then the dissipation of energy in
this mode is EC and we have

E= JE~b)(A /A () = (EBa) (Aa+jBaaP'. (4.2.2)
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If we are interested in the velocity response, then we saw

from Eq. (4.1.10) that

<0> = (E0/M2)4i (x2) (4.2.3)

where x2 is the observation position. Thus, the total m.s.
response of system 2 observed at position x2 is just

2 (x2) EbA /AG (4.2.3a)
2 2t t M 0 2 a 2 ()

2o N ) B+E (4.2.3b)
M2 a at 2/0 IO)(

In writing Eq. (4.2.3) we have now relaxed the assumption
of Chapter 3 that the modes of system 1 are equally energetic,
but we continue to assume that modal responses are temporally
incoherent.

The four factors listed above that contribute to variance
are specifically shown in Eq. (4.2.3). The variance in modal
energies (1) is in EJb) or EQ. The coupling variance strength
(3) is represented by the quantities Aaa or BF0 , and the
observation variance (4) is incorporated in *,. The variation
in number of interacting modes (2) is represented by the
summation in a. Our problem is to find the variance in this
sum on a knowledge (or reasonable assumptions) about the
statistics of the terms entering the equation.

To simplify matters a bit, let us first concentrate on
the single mode response <v,>t so that only a single sum over
a is involved. The appearance of Ba0 in the denominator of
Eq. (4.2.3b) is awkward from an analytical point of view, so
that we would prefer to use Eq. (4.2.3a). Howeveie since the
coupling factors also enter the denominator of AQ,(4ut not of
B..), we cannot avoid this problem. Another reason for pre-
ferring Eq. (4.2.3a) is that we might be able to estimate the
statistics of better than EQ, since the former does not
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contain contamination by coupling effects. Nevertheless,
we are essentially forced to use Eq. (4.2.3b) since it alone
allows us to use an important result in the statistics of
summed random processes that is discussed in the following
paragraphs.

There are two situations in which Eq. (4.2.3b) can
simplify sufficiently to allow one to make calculations.
The first is where &B,,>>A,. In this event, we have

a>t  = (*,(x 2 )/ 2 ) E B /ZB (4.2.4)

In this case, the energy of the a mode is a weighted average
of the energy of the modes of system 1 with weighting co-
efficients ba = Baa/ Bua : Notice that this condition, which
is essentially an equlpartition condition, does not require
that B~ >>A,, and is thus a much weaker requirement on the
coupling than when one has two single dof systems interacting.

The second situation for which one can calculate variance
is when Aa>>&B,. In this case

a2t ( /M a) jEaBa (4.2.5)

We note that B.0 is given by Eq. (3.1.26) with appropriate
subscripts. We will write it here in the form

G __ L a (4.2.6)

where Aa is given by Eq. (3.1.33) and Caa=2 (wO-)/(A,+Aa),
in a manner analogous to the development in paragraph 2.2.
If we now assume AcI=Al= const (all modes of system 1 have
equal damping), then according to Eq. (2.2.21),
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<B = <XA>a a >WA+ (4.2.7)

which reproduces Eq. (3.2.8)

In the present instance, we are interested in the
variance of the sum in Eq. (4.2.5). The assumption Aa-A 1 has
the effect of causing each of the functions (Ra+l)1 to
have the same shape as a function of frequency. We can plot
Eq. (4.2.5) then as shown in Fig. 4.7. It appears as a sum
-of pulses, of strength

C= = +Ale E=XaE (4.2.8)aa Al+Aaa *

If we assume that the resonance frequencies are uniformly
probable over the interval Aw and are independent of each
other, then the standard deviation of Eq. (4.2.5) may be
shown to be

( n 1 /w2)(A1+Aa)2 =2 A+A 2

(4.2.9)

This is the "important result" referred to above. Consequently,
using Eq. (4.2.7) in the average of Eq. (4.2.5), we get

o2

v 2 n<E 2 > <X2>
a = i i (A +A2) , (4.2.10)
2 2 <Ea>2  <a >2
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showing the explicit dependence of variance on uncertainty in
the modal energy of the directly excited system and in the
coupling parameters. This relation also shows the effect of
the number of overlapping modes in reducing the ratio of
variance to the square of the mean.

Finally, if we refer to Eq. (3.2.10) we see that the
quantity NB a> = BST . The standard deviation in the sum
&Bu0 will EeI us someiking about the uncertainty in the
coupling loss factor n21 . If for the present discussion only,

we define wn2l = ZB~o then m < 2>a is the coupling loss
factor we have begn dealing with. Its variance is then given
by

2z =1 1 > Al i

and

U 2  <A 2 >n 1 <0S
m 2 nI (AI+A 2  <X2 > 2  (4.2.11)2~ 1 1 2 ~

Returning to Eq. (4.2.5), if the observation position
x2 is located randomly in space, then we have additional
factor of <*4> /<>2 in Eq. (4.2.10) since 2 must be
regarded as a random amplitude factor. If we assume that
system 1 is excited by a randomly located point force at xl,
then according to Eq. (2.2.19), the energy of the ath mode
will vary as P1 (Xl). If we assume that the systems are joined
at a point xa in system 1 coordinates and x in system 2
coordinates, then 4ccording to Eqs. (3.2.6) and (3.2.9), we
may expect Aq, to vary as l, (xj) ,(x ) . Thus, the
greatest variation that we can expect in the response of a
single mode of system 2 is
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system 2 respectively. We may expect that in any particular
system, the variance will be less than that implied by
Eq. (4.2.12).

Now suppose that we have a group of modes of system 2
represented by a modal density n2 (w). We have a combination
n2Aw independent response functions, each of which has a
ratio of variance to square of mean given by Eq. (4.2.12).
The total ratio of variance to square of mean for multi-
modal response of system 2 is, therefore,

2 _ 1 2, -

-- = nln (A+ w

V 1(4.2.13)

Notice that this result is completely symmetric in the pro-
perties of system 1 and 2. We should expect, therefore, that
for systems excited and observed at point locations, the
variance in response will be independent of which system is
used as a "source" and which is used as a "receiver".

It will be apparent to the reader that a substantial
number of assumptions have been made in order to get the
result expressed by Eq. (4.2.13). Most of these assumptions,
with notable exception of the assumptions of uniform damping,

2and = would have the effect of redu~cing response
variance. We, therefore, may reasonably regard Eq. (4.2.13)
as a conservative estimate of the variance in the work
that follows in that it estimates more variance than may, in
fact, occur.
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4.3 Calculation of Confidence Coefficients

We see from Eq. (4.2.13) that increasing the number of
modal interactions by increasing the combined modal bandwidth
w/2 (A +A2 ), and increasing the number of modes observed by
increasing the excitation bandwidth Aw will both cause a
reduction in variance of response. In this section, we show
how the variance estimates may be used to predict the
fraction of measurements that will fall within a certain
interval of values, generally based on the predicted mean.

The Probability Density. If the total probability den-
sity (0) for the observed response <vZ>t=O were known, then
the probability that e would fall within the "confidence
interval" 81 < 8 < 82 is simply

8

CC = f ,() d e (4.3.1)
1

where the (fiducial) probability CC is called the confidence
coefficient. Since we do not know what the function *(6) is,
this may seem rather useless. We do know, however, that 8
has positive values only, and we can estimate its mean m8
and its standard deviation a from paragraph 4.2.

A probability density that meets our requirements and
has tabulated integrals is the "gamma density"

O(e) = e-lexp (-e/A)/)r (j) (4.3.2)

where P =m'/a' and X=o2/m and r((p) is the gamma function.

If we change variables to y = Om /C2 , then Eq. (4.3.1)
becomes
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2

f0m2ie
dy ye eCFO)

Jem8 /. 0
(4.3.3)

where Y (pB) ii the incomplete gamma function defined by

Y (V,B) fy P'le'y dy (4.3.4)
0

And is tabulated in standard mathematical handbooks.

Confidence Intervals. First;. let us consider a simple
"exceedanjew type of confldance i.nterval. That is, search for
a value of ema x -- rm, such that ithe probability (CC) that any
realized value of e < 8max is known. The equation to be
solved then is

_I
CC - f (1p) y (U,ru) (4.3.5)

and the result is a line of constant CC as a function of r
and p. The solution to Eq. (4.3.5) as found numerically is
graphed in Fig. 4.8.

From Fig. 4.8 we see that if the ratio of the standard
deviation to the mean (as computed from Eq. (4.2.13) for
example) is equal to unity, then we may expect a measured
response, selected at random, to have a value less than 2.5dB
more than the mean in 80% of the cases. The measurement should
be less than 5 dB more than the mean in 95% of the cases and
less than 7 dB more than the mean in 99% of the cases. In
many situations, this is precisely the way that we would want
the estimate stated, particularly if we were concerned about
the response exceeding some prescribed value that might lead
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to component failure, or excessive speech interference, or
acoustical detectability.

Also note, that since the calculation of ad/m2 is to be
carried out in frequency bands Aw, or for individual modes
that resonate at different frequencies, the form of the con-
fidence interval is that of a spectrum, One would usually
plot an "average estimate", based upon the methods of
section 4.1 as in Fig. 4.5, then plot a second spectrum
determined by 10 log r for each frequency band. One would
then look upon the second spectrum as an "upper bound" for
the data, with a degree of confidence determined by the
selected confidence coefficient.

As a second example of a confidence interval, consider
one that brackets the calculated mean. Such interval might
be stated as "in the 500 Hz octave band, I estimate that in
95% of the cases, the measured acceleration level is within
±5 dB of the average estimate of -10 dB re 1g." The "cases"
referred to here, of course, are reported measurements with
the loading and observation points varied consistent with
the calculations of mean and variance, and for a population
of systems. Obviously, one rarely has this population to
deal with; there is only one system in the laboratory, or at
most 2 or 3. The system that one has might be very good or
very poor from a viewpoint of variance, but we must hope
that the estimate for the population will be useful in deal-
ing with it. This situation is directly analogous to gambl-
ing. One only has a particular realization of all possible
hands of cards before him, but the pattern of betting, cal-
culation of odds and strategy is made on the basis of all
possible hands and draws.

The evaluation of this "bracketing" interval is made by
setting e2=rme and e1=me/r in Eq. (4.3.3). The equation to
be solved in this case is

-1

cc = r (p) {y (pp r)-y(v,p/r)). (4.3.6)

The solution to Eq. (4.3.6) is shown in Fig. 4.9. For
example, the value of normalized variance that would produce
the hypothetical estimation interval of the preceding
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paragraph is U2/m = 0.2. An interval of this type is very
useful in determining the value of the mean alone as an
estimate of response. Since one can usually only make measure-
ments of structural vibration and acoustical noise to a
repeatability of 1 or 2 dB, then if an estimation interval of
± 1 dB has a high confidence coefficient (80%, say) then the
mean value is a very good estimate. We see from Fig. 4.9that this requires that U2/M2<0.1.

Example. As an illustration of the discussion in
paragraph 4.2 and 4.3, we consider the system shown in
Fig. 4.4 excited at a point and observed at a point. We
derived an average energy estimated for this system in
paragraph 4.1, which we may use to obtain me. We now apply
Eq. (4.2i13) to obtain an estimate of variance and then use
Figs. 4.8 and 4.9 to determine confidence intervals.

First, the beam (System 2) is a one-dimensional system
with modes of the form sin kx, and the plate (System 1) is
two dimensional with modes of the form sin klxl sin k2x2. If
we regard the locations xxX 2 as uniformly lcuated over
the structural surfaces, we find that

<(sin kX x

q22 <(sin kX) 2 >2  (n-iesoa)(4.3.7a)
x

<*4> <(sin kxI )4 >< (sin kx2> 9

<> 2  <(sin kxI ) 2
> < (sin kx2)1 >2  4

(two-dimensional) (4.3.7b)

Obviously, the corresponding quantity for three-dimensional
systems is (3/2)8 - 27/8.

Eq. (4.3.7) gives us two of the factors in Eq. (4.2.13).
To obtain the third, we must say more about the system. How-
ever, note that the spatial variance alone contributes a
factor (3/2)2 (9/4)2 - 11, so that we must have of the order
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of 10 modes interacting or sampled to bring 0 2/m2 down to
the order of 1 or 100 modes to get down to aI/m 2 = 0.1. In
general, the higher the dimensionality of the system, the
greater is the contribution to variance from the spatial
sampling factors. To counteract this, however, the higher
dimensional systems normally have greater modal density, and
this reduces variance.

Suppose that the beam in Fig. 4.4 is made of aluminum
and is 1.3 m long, .05 m wide, and .003 m thick. The average
frequency separation between modes for this beam is according
to (4.1.23)

6fb = Cfb/Z = 130 Vf/l000 . (4.3.8)

Thus, at 1000 Hz, the average separation is 130 Hz and at
250 Hz it is 65 Hz. We assume that the plate is also of
aluminum, is .003 m thick, and has an area of 1.7 m2. The
average frequency separation for plate modes is then

6fp = hc // A = 5H . (4.3.9)

Also, a reasonable value for loss factor for both systems is
Tl=T)2= .O0. Thus,

7T (Ai+A2) = f h+'pn 10" 1f, Hz (4.3.10)

Let us assume that our data is taken in octave bands, so that
Af=f/ /2 . Thus, combining Eqs. (4.3, 8, 9, 10), we get

= 130 f/1000 5 -1OO0f 3/2(nn 2  (A +A2 )Aw 210" nf. f//7

(4.3.11)
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Thus.at f-100 Hz, this factor is I and at 10,000 Hz
it is 10". The product of this modal count term and the
spatial factors is presented in Fig. 4.9 for the example.
We have also sketched the variance expected when there is
no uncertainty in modal amplitude on the beam, reducing the
variance by a factor of (2/3)2, from Eq. (4.3.7a). This is
appropriate if for example we make response measurements at
the free end of the beam and connect the plate to the base
of the beam.

Now we can use this estimate of variance to establish
a mean bracketing confidence interval in each frequency band.
If this is done for a confidence coefficient of 0.8, we
obtain the result shown in Fig. 4.11. We have used the
estimate for the mean from Fig. 4.5 in the case where
nbP nb , which is not quite the case for one example since
nbp " W/4k = .05/5 = .01 = nb . The confidence interval in
no way depends on the estimate of the mean, however.

Altogether then, our analysis of variance, in combination
with a mean estimate and the calculation of confidence intervals
based on normalized variance, provides us with a way of making
estimates of response for real systems that includes variations
in a realistic manner. The weakest link of this chain at
present is the estimation of variance. There is good reason
to believe, for example, that the location of resonance
frequencies among the population of "similar" systems is not
well described by a distribution that assumes that modes occur
with equal probability along the frequency axis. Such a dis-
tribution predicts a high probability for very closely
separated modes, whereas the normal coupling among modes will
tend to "split" them, as demonstrated by Fig. 3.2. Thus,
interacting groups of modes should have a lower probability of
very small differences in resonance frequencies, and this
should result in smoother distributions of response and lower
variance.

4.4 Coherence Effects - Pure Tone and Narrow Band Response.

In this final section, we consider the effects on our
analysis of the bandwidth of excitation Aw. When Aw is very
broad, then we have shown that certain frequency integrations
such as those of paragraphs 2.1 and 3.1 become quite simple,
and that the expected variance in system response calculated
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in paragraph 4.2 is reduced as the noise bandwidth increases.
When Aw gets smaller than the average spacing between modes,
we may expect that variance will increase because of the
smaller number of modes included in the averages. When Aw
becomes of the order of a modal bandwidth, other complications
(or possibly simplifications) may develop.

Narrow band excitation of resonator. Let us suppose
that the excitation £(t) of the single dof system of Fig. 2.1
is the pure tone signal L e-i t. The response, according to
Eq. (2.1.20) is

-iwi _iw 0 o
v(t) = LY e 'it=Le - i t (-iwoM) [+( - -

(4.4.1)

In Chapter 2, we averaged IYI2 over an interval Aw(large
compared to won) to determine the noise response of the
resonator. Let us now suppose that w is fixed and we are
selecting resonators out of a population having resonance
frequencies w, uniformly distributed over the interval Aw
(this is one feature of the SEA model introduced in
paragraph 3.2). Then the average m.s. response will be

1L  -  JIy 2> 1-2 e 1
<v2>, IL-I +L (4.4.2)W02w b I Aw 2

where Ae=(7r/2)Wf, the effective bandwidth. This is quite a
slowly varying function of w, so that if we now say that t(t)
is a narrow band signal of bandwidth 6w so that 1/2 L2-2S (w)6L,
we have (remember that spectral densities in w are defined from
- < W < + CO

<V 2>  2s() (6w/Aw) Ae (4.4.3)
2

(wrn M)
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which should be compared to Eq. (2.1.39). We may say that
the effect of restricting the bandwidth to Aw, is to reduce
the effective spectral density of the excitation in the ratio
6w/Aw. When Sw4Aw, we obtain the original response of the
resonator to the noise of bandwidth Aw. The response of a
resonator to a signal of any bandwidth is of the same form as
a noise response, if we average over the resonance frequency
of the resonator.

Interacting Modes. The result of Eq. (4.4.3) allows us
to interpret the result of Eq. (3.1.32) in an interesting
wey. The interaction of mode "2" with a single mode "1" was
found to be equivalent to excitation of mode by a white noise
source. Let us re-examine this result in the light of Eq.
(4.4.3). To do this, imagine for simplicity that the
resonators in Fig. 3.1 have gyroscopic coupling only. Then,
noise excitation with spectral density Sk1 of resonator 1 with

y2 -:O, results in a m.s. velocity of this resonator given by

7rS kSM S (f)
<vM> = (4.4.4)

11 1 1

This m.s. velocity has an equivalent bandwidth A 1 A 1 /2,
since its spectral form is that of the admittancee6 resonator 1.

From Eq. (3.1.3b) a m.s. velocity <vl> will produce a m.s.
force on resonator 2 given by <vj> G2 = <VY> y2MI 

2M This m.s.
force is "spread" over a bandwidth Ae,l, so that its spectral
density is

2TSX1 (W) y 2M M2
2  1S£2 (w) -<v>7MlM2/AIe= A1M Ae, 1

(4.4.5)

Thus

SM - ( 2) M2 (4.4.6)k 2 k 1 M1 A1A2 Ae,l
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is the spectral density. Since, according to Eq. (4.4.3), such
a signal is equivalent to a broad band noise over a band Aw,
with spectrum St A 1 /Aw, the equivalent broad band excitation
produced by the Interaction is

Ae 1 M2 7A2/2S2 A = S' =R S M2w2/2X(4.4.7)
2 2 £1 MI A1

where A=y 2/A1A2 for gyroscopic coupling only, which is con-
sistent with Eq. (3.1.32) for weak coupling.

We have shown two important features of the interaction
with this calculation. First, we can properly account for
the interaction when the coupling is weak (<<I) as excitation
of the indirectly excited system by noise, through a filter
of bandwidth Ale and transfer magnitude determined by the
coupling strength, if the resonance frequency of the receiving
system is allowed to take random values over the interval Aw.
Secondly, if the effective bandwidth of the excitation of
system 2 is Ael, then if more than one mode may be excited
simultaneously, we may expect important coherence effects to
arise from such narrow band excitation. We now discuss just
what those effects may be.

Coherence Effects in Multi-Modal Response to Band-Limited
Noise. We suppose that the system described by Eq. (2.2.1) is
excited by noise source of bandwidth Aw. This source may be a
vibration exciter or a damped resonator driven by noise as dis-
cussed in the preceding paragraphs. The displacement response
is of the form given in Eq. (2.2.3). The density average of m.s.
displacement is, of course

<y2 > t m '(t) >t (4.4.8)
pt in i

We now assume that all modes in the interval 6w have the same
damping, with effective bandwidth Ae. If we excite this system
at a location where all modes have nearly the same amplitude
(on a free plate, this would correspond to a corner), then we
can assume that the m.s. response of each mode is identical.
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Accordingly,

= N <y 2 >t (4.4.9)p,t

where N is the number of resonantly excited modes and <y2>
is the m.s. response of each.

Eq. (4.4.9) gives the average response of the system in
the spirit of paragraph 4.1, assuming completely incoherent
response. Let us suppose, however, that the response of
every mode were perfectly coherent, as it would be under
sinusoidal excitation (Aw<<Ae). In this event, the m.s.
response is at any point is

<y2>t = E < Ym(t) Yn(t)>t Wm(x)*n(x). (4.4.10)
m,n

If there is a location where every mode has an antinode
( =ymaxY and every modal vibration is in phase, then the m.s.
response at that location is

max <y2> t  N2 <y2> max (4.4.11)

The ratio of the rms response at this location to the incoherent
rms response is

Ymax a N (4.4.12)
Yrms max

Thus, if N is large, this coherent "hot spot" of response
may be substantially greater than the incoherent estimate.
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Let us now assume that the noise bandwidth Aw is large
compared to A.0 The modal density of the system is n(w).
Thus, the size of each group of coherent excited modes in nAe,
which by presumption must be large for coherent effects to be
of any importance. The coherent response maximum, therefore,
according to Eq. (4.4.11), is (nAe) <y2> tmax2 , and a m.s.
response of nAe<Y 2>t, according to Eq. (4.4.9). Each possible
coherent peak, therefore, exists in an incoherent "background'
given by n(Aw-Ae), so that the total response at a hot spot is

max <y2> t - (nAe) 2 *max2<Y2> t+ft(AwAe) <y2>t

(4.4.13)

The ratio of maximum to average response then is

max<y2: Ae 2 A
=n ma+(- -);AW>A e  (4.4.14a)

<y2> x~t

2
nA; A e  (4.4.14b)

As an example, consider the plate of the example in
section 4.3. In that example ne(-r/2) fn /6fp-10- ff/10.
At 1000 Hz, the number of coherent modes w~uld be 13. At
10,000 Hz, we would have 31 modes in each coherent group.
The statistical response concentrations for this plate under
1/3 OB and pure tone response (*max-2 for 2-dimensional mode)
at 1000 Hz are

max <y2 t .f 7r 41l 10-2W.101(1/3 OB) 7ax = * " 250 )-

<Yl>x,t
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max<y 2> t
(pure tone) ax= iy.4 = 13

<y2>x,t

At 1000 Hz, there is no discernible response concentration
due to coherence for 1/3 OB excitation, but a concentration
factor of about 3.5 will occur for pure tone excitation.

At 10,000 Hz, we have

max<y 2>t _7 1 - .5 0 1
(1/3 OB) - +_____0-2 "102*

<y2> = ~ +20 220<>x,t

1.6 + 1 = 2.6

max<y 2>t
(pure tone) = -n.10.4 = 126

<Y2>x,t

The concentration for the band of noise is still negligible,
but for pure tone excitation, the response concentration
is greater than 11.

It is clear that statistical response concentrations
are sizeable. We have not discussed the probability that
such a coherent peak, as represented by Eq. (4.4.12), will
occur. Although the point is not completely resolved, it
appears that such concentrations have a good likelihood of
occurring. As a practical matter, such coherence effects
will be important when large systems with high modal density
and moderate to high damping are excited by pure tones. When
these "statistical" concentrations occur, they may be con-
siderably larger than the "stress concentrations" that occur
near boundaries as exemplified by Fig. 4.3.
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ANNOTATED ,IBLIOGRAPHY

Chapter 1. The Development of SEA

1.0 Introduction

A general review of the procedures of SEA is given in

(aa) R. H. Lyon, "What Good is Statistical Energy Analysis,
Anyway?" Shock and Vibration Digest, Vol. 3, No. 6,
pp 1-9 (June 1970).

The use of statistics in random vibration is presented in

(ab) S. H. Crandall and W. D. Mark, Random Vibration in
Mechanical Systems (Academic Press, New York, 1963).

(ac) Y. K. Lin, Probabilistic Theory of Structural Dynamics
(McGraw-Hill Book Co., Inc., New York 1967).

A well known "classical" reference in vibration
analysis is

(ad) J. P. Den Hartog, Mechanical Vibrations - Fourth Edition
(McGraw-Hill Book, Co., Inc., 1958).

Problems involved in calculating resonance frequencies
and mode shapes of higher order modes are reviewed in

(ae) R. Bamford, et al., "Dynamic Analysis of Large Structural
Systems," contribution to Synthesis of Vibrating Systems,
Ed. by V. H. Neubert and J. P. Raney (A.S.M.E.,
New York 1971).

(af) E. E. Ungar, et al., "A Guide for Predicting the
Vibrations of Fighter Aircraft in the Preliminary Design
Stages" AFFDL-TR-71-63, April 1973.

The statistical theory of room acoustics from a modal
viewpoint is presented in

(ag) P. M. Morse and R. H. Bolt, "Sound Waves in Rooms"
Rev. Mod. Phys. 16, No. 2, pp. 69-150 (April 1944).

and is presented from a wave viewpoint in
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(ah) L. L. Beranek Acoustics (McGraw-Hill Book Co., Inc.
New York, 1954).

The statistical mechanics of groups of resonators is
important in the theory of specific heats of crystals.
An introductory reference is

(ai) F. K. Richtmyer and E. H. Kennardj Introduction to
Modern Physics (McGraw-Hill Book Co., Inc. 1947)

The representation of a thermal reservoir as a noise
generator is discuss c in

--(aj) A. van der Ziel, Noise (Prentice Hall, Inc. Englewood
Cliffs, N. J. 195.3T-

Measures of acoustical characteristics of rooms that
are thought to affect the listening quality of a room
are presented in

(ak) L. L. Beranek, Music, Acoustics and Architecture (John
Wiley & Sons, Inc., New York, 1962).

The quotation by Mehta is to be found in the intro-
duction to

(al) M. L. Mehta, Rando;Matrices and the Statistical Theory
of Energy Levels, (rcademic Press, New York 1967).

1.1 Beginnings

The earliest work in SEA is to be found in

(am) R. H. Lyon and G. Maidanik, "Power Flow Between Linearly
Coupled Oscillators" J. Acoust. Soc. Am., Vol. 34, No. 5,
pp. 623-639 (May 1962).

(an) P. W. Smith, Jr., "Response and Radiation of Structural
Modes Excited by Sound" J. Acoust. Soc. Am., Vol 34,
No. 5 pp. 640-647 (May 1962).

The papers concerned with removal of the "light
coupling" restriction are

(ao) E. E. Ungar, "Statistical Energy Analysis of Vibrating

Systems" Trans. ASME, J. Eng. Ind. pp 626-632 (Nov. 1967).
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(ap) T.D. Scharton and R. H. Lyon, "Power Flow and Energy
Sharing in Random Vibration" J. Acoust. Soc. Am.
Vol. 43, No. 6 pp 1332-1343 (June 1968).

Reports that contain the earliest results on variance
analysis are

(aq) R. H. Lyon, et al., "Random Vibration Studies of Coupled
Structures in Electronic Equipments" Report No. ASD-TDR-
63-205. Wright Patterson Air Force Ease, Dayton, Ohio.

(ar) R. H. Lyon, "A Review of the Statistical Analysis of
Structural Input Admittance Functions. Report No.
AD-466-937. Wright Patterson Air Force Base, Dayton,
Ohio.

These variance calculations were used to develop
estimation intervals in

(as) R. H. Lyon and E. Eichler, "Random Vibration of Con-
nected Structures" J. Acoust. Soc. Am., Vol. 36, No. 7,
pp 1344-1354 (July ....

The extension of the SEA formulation to three systems
in tandem is in

(at) E. Eichler, "Thermal Circuit Approach to Vibrations in
Coupled Systems and the Noise Reduction of a Rectangular
Box", J. Acoust. Soc. Am., Vol. 37, No. 6, pp 995-1007
(June 1963).

Three element transmission for the plate-beam-plate
system is given in

(au) R. H. Lyon and T. D. Scharton, "Vibrational Energy
Transmission in a Three Element Structure", J. Acoust.
Soc. Am., Vol. 38, No. 2, pp 253-261 (August-I37-.

The calculation of plate-edge admittances is given in

(av) E. Eichler, "Plate-Edge Admittances", J. Acoust. Soc.
Am., Vol. 36, No. 2, pp 344-348 (February 1964).

The effect of reinforcing beams and constrained edges on
the radiation resistance of flat plates is given in

(aw) G. Maidanik, "Response of Ribbed Panel to Reverberant
Acoustic Fields", J. Acoust. Soc. Am., Vol. 34, No. 6,
pp 809-826 (June 1962).
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A similar calculation for cylinders is given in

(ax) J. E. Manning and G. Maidanik, "Radiation Properties of
Cylindrical Shells", J. Acoust. Soc. Am., Vol 36, No. 9,
pp 1691-1698 (September 1964).

(ay) L. Cremer and M. Heckl, Structure-Borne Sound (Springer
Verlag, Berlin 1973). Translated by E. E. Ungar.

The input impedances in matrix form for foundations
resting on a visco-elastic half space may be found in

(az) L. Kurzweil, "Seismic Excitation of Footings and Footing-
Supported Structures", Ph.D. Thesis, MIT Dept. of Mech.
Eng., September 1971.

Modal densities foc acoustical spaces are derived in
(ag). Modal densities for flat and curved structures
may be found in (ay) and in

(ba) V. V. Bolotin, "On the Density of the Distribution of
Natural Frequencies of Thin Elastic Shells", J0 Appl.
Math Mech., Vol. 27, No. 2, pp 538-543 (Trans, from
Soviet J.: Prikl. Mat. Mekh., Vol. 27, No. 2,
pp 362-364 (1963).

Other modal density calculations may be found in

(bb) M. Heckl, "Vibrations of Point Driven Cylindrical Shells",
J. Acoust. Soc. Am., Vol. 34, No. 10, pp 1553-1557 (1962).

(bc) J. E. Manning, et al., "Transmission of Sound and
Vibration to a Shroud-Enclosed Spacecraft". NASA Report
CR-81688, October 1966.

(bd) K. L. Chandiramani, et al., "Structural Response to
i.nflight Acoustic and Aerodynamic Environments". BBN
Report 1417, July 1966.

(be) D. K. Miller and F. D. Hart, "Modal Density of Thin
Circular Cylinders", NASA Contractors Report CR-897 (1967).

(bf) E. Szechenyi, "Modal Densities and Radiation Efficiencies
of Unstiffened Cylinders Using Statistical Methods", J.
Sound Vib., Vol. 19, No. 1, pp. 65-81 (1971).

The modal density of cones is presented in
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(bg) R. H. Lyn, et al# "Statistical Ery Analysis for Designers -

Part II The Engineering Application", AM-74-56, Part II,
--t;;r 1974.

and for dished shells in

(bh) J. P. D. Wilkinson, "Modal Densities of Certain Shallow
Structural Elements," J. Acoust. Soc. Am., Vol 43, No. 2,
pp 245-251 (1968).

Structural damping is expressed as an edge absorption
coefficient in

(bi) M. Heckl, et al., "New Methods for Understanding and
Controlling Vibrations of Complex Structures", Wright
Patterson Air Force Base Technical Note ASD-TN-61-122
(1962).

and the air-pumping mechanism for damping of structures
is presented in

(bj) E. E. Ungar, "Energy Dissipation at Structural Joints,
Mechanisms and Magnitudes," U.S. Air Force FDL-TDR-64-98
(1964).

The application of SEA to sound transmission through
double walls is reported in the following articles:

(bk) M. J. Croker, et al., "Sound and Vibration Transmission
Through Panels and Tie Beams Using Statistical Energy
Analysis", Trans. ASME: J. Engineering Ind. (Aug 1971)
pp 775-782.

(bl) P. H. White and A. Powell, "Transmission of Random
Sound and Vibration Through A Rectangular Double Wall",
J. Acoust. Soc. Am., Vol. 40, No. 4, pp 821-832 (1965).

(bm) A. Rinsky, "The Effects of Studs and Cavity Absorption
on the Sound Transmission Loss of Plasterboard Walls",
Sc.D. Thesis, MIT Dept. of Mech. Eng., February 1972.

An attempt to elucidate implications of the SEA model in
terms of classical vibration analysis is presented in

(bn) J. L. Zeman and J. L. Bogdanoff, "A Comment on Complex
Structural Response to Random Vibrations", AIAA Journal,
Vol. 7, No. 7, pp 1225-1231 (July 1969).

and also in
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(bo) W. Gersch, "Mean Square Responses in Structural Systems",
J. Acoust. Soc. Am., Vol 48, No. 1 (Pt. 2) pp 403-413
(1970).

(bp) W. Gersch, "Average Power and Power Exchange in
Oscillators", J. Acoust. Soc. Am., Vol. 46, No. 5
Pt. 2), pp 1180-1185 (1969).

The work of Lotz referred to is

(bq) R. Lotz, "Random Vibration of Complex Structures", Ph.D.
Thesis, MIT Dept. of Mechanical Engineering, June 1971.

A comparison of the effect of power flow of various
assumptions regarding modal frequency statistics (or
occurrence in frequency) is given in (ap). A report
in which calculations for a deterministic system may
be compared with the SEA calculations is

(br) J. E. Manning and P. J. Remington, "Statistical Energy
Methods", BBN Report, No. 2064, Submitted March 26, 1971
to NASA.

1.2 The General Procedures of SEA

Discussions of "similar" mode groups may be found in
(aa, bc) and in

(bs) J. E. Manning, "A Theoretical and Experimental Model-
Study of the Sound-Induced Vibration Transmitted to a
Shroud-Enclosed Spacecraft". BBN Report 1891, submitted
May 1, 1970 to NASA.

The equivalent RC circuit for energy flow is discussed
in (am, at). The power injecting properties of various
random loading environments are discussed in (bd) and
also in

(bt) R. H. Lyon "Boundary Layer Noise Response Simulation
with a Sound Field", Chapter 10 of Acoustical Fatigue
in Aerospace Structures, Ed. by W. J. Trapp and
D. M. Forney (Syracuse University Press, Syracuse,
N. Y., 1965).

(bu) R. H. Lyon, Random Noise and Vibration in Space Vehicles
Shock and Vibration Information Center, U. S. Dept. of
Defense, 1967).
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(by) I. Dyer, "Response of Plates to a Decaying and Convecting
Random Pressure Field". J. Acoust. Soc. Am., Vol. 31, No. 7
pp 922-928 (1965).

The relative magnitudes of time averaged and oscillating
power flow between coupled resonators is discussed in

(bw D. E. Newland, "Calculation of Power Flow Between Coupled
Oscillators", J. Sound Vib., Vol. 3, No. 3, pp 262-276
(1966).

A brief summary of the problems of measuring various SEA
parameters is given in

(bx) R. H. Lyon, "Analysis of Sound-Structural Interaction by
Theory and Experiment", Contribution to Proceedings of
Purdue Noise Control Conference, July 14-16, 1971,
Purdue University.

Modal density measurements of cylinders are presented
in (bb, bs). Measurements for flat plates are given in
(ar, at), and for mass loaded plates in

(by) R. W. Sevy and D. A. Earls, "The Prediction of Internal
Vibration Levels of Flight Vehicle Equipments Using
Statistical Energy Methods," U.S. Air Force Technical
Report AFFDL-TR-69-54, January 1970.

Calculations of modal densities are given in (ba through
bh) for a variety of structural elements or subsystems.
Input impedances to beams and plates are found in (ao,
ay, av). Input impedances to sound fields may be found
in (am, aw, ax, bd, bg), and in

(bz) R. H. Lyon, "Statistical Analysis of Power Injection and
Response in Structures and Rooms" J. Acoust. Soc. Am.,
Vol. 45, No. 3, pp 545-565 (1969).

The derivation of transmission loss and its relation to
coupling loss factor may be found in

(ca) I. L. Ver and C. I. Holmes, "Interaction of Sound Waves
with Solid Structures", Chapter 11 of Noise and
Vibration Control, Ed. by L. L. Beranek (McGraw-Hill
Book Co., Inc. New York 1971).

(cb) C. I. Holmes, "Sound Transmission Through Structures:
A Review" M.Sc. Thesis, John Carroll University,
Cleveland, Ohio 1969.
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A useful "dictionary" of transmission loss for various
practical wall structures may be found in

(cc) R. D. Berendt, G. E. Winzer and C. B. Burrough, "A
Guide to Airborne, Impact and Structure Borne Noise
Control in Multifamily Dwellings." U. S. Dept. of
Housing and Urban Development, Washington, D. C.,
September 1967.

The relation of vibrational velocity to stress in a
variety of structural elements iE presented in

(cd) P. V. Hunt, "Stress and Strain Limits on the Attainable
Velocity in Mechanical Vibration", J. Acoust. Soc. Am.,
Vol. 32, No. 9, pp 1123-1128 (1960).

(ce) E. E. Ungar, 'Maximum Stresses in Beams and Plates
Vibrating at Resonance", '. Eg. Ind. Vol. 84, No. 1,
pp 149-155 (February 1962).

Analysis of response variance is developed in (aq, ar,
as, bz). A basic discussion of confidence intervals
and coefficients may be found in

(cf) A. M. Mood, Introduction to the Theory of Statistics
(McGraw-Hill Book Co., Inc., New York, 1950). Chapter 11.

1.3 Future Developments of SEA

The range of professional workers making use of SEA is
discussed in (aa). That reference prompted additional
discussion.

(cg) J. L. Zeman and J. L. Bogdanoff, Letter to the Editor.
The Shock and Vibration Digest, Vol. 3, No. 1, p 2 (1971).

(ch) C. T. Morrow, "Can Statistical Energy Analysis .be
Applied to Design?" The Shock and Vibration Digest,
Vol. 3, No. 5, Pt. 1 (1971).

and a reply

(ci) R. H. Lyon, Letter to the Editor. The Shock and Vibration
Digest, Vol. 3, No. 10, pp 3-4 (1971).
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A computer solution of simultaneous equations in SEA
has been carried out and is reported in

(cj) D. M. Wong, "Transmission of Noise and Vibration Between
Coupled Cylinders," Lockheed Sunnyvale Report, 1969.

The development of a range of models more complex than
the SEA models presented here that have greater
"information capacity" has been discussed in

(ck) R. H. Lyon, "Application of a Disorder Measure to Acoustical
and Structural Models" J. Eng. Ind.j Trans. ASME, Vol. 93,
Ser. B, No. 3, pp 814-818 (August 1971).

The allowance for modal interference effects the modal
resonance frequency spacing has been discussed in (al,
bz).

1.4 Organization of the Report

Various surveys of SEA have been published for various
audiences. They include (aa, ao, at, bq, br, bx) and
also

(cl) R. H. Lyon and G. Maidanik, "Statistical Methods in
Vibration Analysis", AIAA Journal, Vol. 2, No. 6,
pp 1015-1024 (1964).

(cm) P. A. Franken and R. H. Lyon, "Estimation of Sound-
Induced Vibrations by Energy Methods, with Applications
to the Titan Missile", Shock and Vibration Bulletin,
No. 31, Part III, pp 12-16 (1963).

(cn) R. H. Lyon, "Basic Notions in Statistical Energy Analysis,"
Contribution to Synthesis of Vibrating Systems, Ed. by
V. H. Neubert and J. P. Raney, (ASME, New York, 1971).

(col P. W. Smith, Jr. and R. H. Lyon, "Sound and Structural
Vibration", NASA Ccntractor Report CR-160, March 1965.

Chapter 2. Energy Description of Vibrating Systems

2.0 Introduction

Additional discussion of energy variables in vibration
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may be found in (cO). The relation of impedance
functions to energy variables is discussed in

(cp) E. A. Guillemin, Introductory Circuit Theory, (Chapman
and Hall, Ltd, New York 1953), Chapter 7.

Discussion of the relation between modal and wave
descriptions may be found also in (ag, am, co).

2.1 Modal Resonators

Solutions for the single dof vibrator may be found in
(ab, ad, co, cp). Relations among various measures of
damping may be found in (ay). Reverberation time as
a measure of the damping of sound waves is discussed
in (ah, co). The idea of viewing variuos frequency
regions of response is "mass-controlled", etc. is
discussed in (ca, co). Random excitation of simple
resonators is extensively discussed in (ab, ac). The
notion of a white noise generator as a constant power
source is in (am:. The removal of the divergent mass
law response of a mode to white noise may be found in

(cq) R. H. Lyon, "Shock Spectra for Statistically Modeled
Structures", Shock and Vibration Bulletin, No. 40,
Part 4, pp 17-23, December 1969.

2.2 Modal Analysis of Distributed Systems

The theory of the vibration of distributed systems by
using modal expansions may be found in (an) and also in

(cr) P. M. Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill Book Col, Inc., New York, 1953).

When damping is not proportional to the mass density
an irreducible modal coupling results which is
extensively discussed in (bn). Modal lattices are
used extensively in acoustics (ag, ah) and in x-ray
diffraction theory and solid state physics:

(cs) L. Brillouin, Wave Propagation in Periodic Structures
(McGraw-Hill Book Co., Inc., New York, 1946).
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An elementary discussion of energy and group velocity
may be found in (ai). The expansion of the structure
admittance function as a sum of modal admittances is
given in (bz). The point input resistance of an infinite
plate is derived in (ay, co). The use of conductance
measurement as a means of evaluating modal density was
first proposed in (bm).

2.3 Dynamics of Infinite Systems

The development of dispersion relations and their inter-
pretation in terms of phase and group velocities may
be found in

(ct) L. M. Brekhovskikh, Waves in Layered Media (Academic
Press, New York 1960). Derivations for the "stiffness
operator" for strings, beams, and sound field may be
found in

(cu) P. M. Morse, Vibration and Sound, Second Edition,
(McGraw-Hill Book Co., Inc. 1948). The theory of
Fourier integrals and the use of contour integrals
to evaluate the inverse transform may be found in
(cr). The derivation of mean free path for a two
dimensional system is to be found in (co). The dis-
cussion of resonator interaction with a finite plate
is adapted from (bo).

2.4 Modal-Wave Duality

The decomposition of a wave field into "direct" and
"reverberant" components is discussed in (ag, ah, ay,
bz, co). The formation of the direct field as a
result of modal coherence may be found in (ag).
Various integral expressions for and relations between
bessel functions may be found in er).

Chapter 3. Energy Sharing by Coupled Systems

A discussion of the environmental excitation of
structures may be found in (bd, bu) and in
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(cv) R. H. Lyon, "An Energy Method for Prediction of Noise
and Vibration Transmission", Shock and Vibration
Bulletin, No. 33, Part II pp'13-25 (February 1964).

The definition of uncoupled systems has been an important
element in several studies (bc, bk, br, bs). An
interesting application of reciprocity to c.velop
engineering formulas for noise transmission is

(cw) M. A. Heckl and E. J.. Rathe, "Relationship Between
the Transmission Loss and the Impact-Noise Isolation
of Floor Structures", J. Acoust. Soc. Am., Vol 35, No. 11,
pp 1825-1830 (1963).

3.1 Energy Sharinm Among R.onators

The discussion in this section is taken from (ap),
which in turn is based on

(cx) T. D. Scharton, "Random-Vibration of Coupled Oscillators
arid Coupled Structures,," ' .D. Thesis, MIT Dept. of
Mechanical Engineering, J1165\.

Additional discussion of the effects of blocking
vibrating systems may be found in (bq, bn) and in

(cy) D. E. Newland, "Power Flow Between A Class of Coupled
Oscillators," J, Acoust. Soc. Am., Vol. 43, No. 3,
pp 553-559 (1968).

The example of two resonators coupled by stiffness only
is taken from (cn). The behavior of coupled resonators
in free vibration may be found in (ad). The analysis
of power flow in this section and in (ao) is carried
out in the "frequency domain". For a time domain
analysis, see (am). Integrations over the frequency
response functions in Eq. (3.1.14), may be found in
(ab). The result of Eq. (3.1.19) was found in (am)
for weak coupling, although the result (for weak
coupling) was also applied to relations like Eq. (3.1.25).
The essential correctness of Eq. (3.1.25) must be
found from (ao, ap, cx). The equivalence of average
modal interaction and white noise excitation was first
put forward in (am).
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3.2 Energy Exchange in Multi-Degree-of-Freedom Systems

Additional discussion of the assumptions involved in
forming the 'uncoupled" modes for the blocked condition
may be found in (bn). A discussion of the treatment
of damping as a random parameter is to be found in
(cg). Quite a thorough analysis of sound-structural
coupling, carried out on ,a completely modal basis Is
to be found in

(cz) F. Fahy, "Vibration of Containing Structures by Sound
in the Contained Fluid", J. Sound Vib., Vol. 10, No. 3
pp 490-512 (1969).

(da) F, Fahy, "Response of a Cylinder to Random Sound in the
Contained Fluid", J. Sound Vib., Vol.13, No. 2,
pp 171-194 (1970).

Discussions of the generation of multi-modal inter-
,actions from the two-mode interaction are to be found
in (am, ao, at). The first published use of a diagram
like that of Fig. 3.5 appears to be (cv).

3.3 Reciprocity and Energy Exchange in ,the Wave Description

For a discussion of diffusion, reverberation and
energy density in sound fields, see (ah, cu). The
general conditions for reciprocity in continuous
systems are given in (cr, ct) and for "lumped"
systems in (cp). The use of reciprocity to develop
response estimates of the SEA form may be found in
(cv). The use of impedance relations to determine
coupling loss factors may be found in (am, as, au,
bc). A study of two plates connected at a point is
presented in (bq). The relation between coupling
loss factor and transmission coefficients (or
transmission loss) is developed in (bk, cn) and in

(db) R. H. Lyon, Aerospace Noise Vibration. Notes for a
_bcture series offered by Bolt Beranek and Newman,
1966.

Transmission loss data are to be found in (cc).

3.4 Some Sample Appjications of SEA

This discussion of the excitation of a resonator by a
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sound field may be compared to that in (an). The
analysis of coupled beams may be compared with
similar discussions in (api br) and

(dc) H. G. Davies, *Exact Solutions for the Response of Some
Coupled Multimodal Systems", J. Acoust. Soc. Am., Vol. 51,
No. 1 (Pt. 2), pp 387-392 (1971).

The relation between "mass law" transmission loss and
the coupling loss factor is discussed in (bk, db).

Chapter 4. The Estimation of Response in Statistical Energy
Analysis.

4.0 Introduction

Additional discussion of the requirements for response
estimation may be found in (aa, ao, bu, cg, ch, ci)
and in

(dd) J. L. Bogdanoff, "Meansquare Approximate Systems and
Their Application in Estimating Response in Complex
Disordered Linear Systems", J. Acoust. Soc. Am.,
Vol. 38, No. 2, pp 244-252 (1965).

General source books for statistical estimation pro-
cedures are (bf) and

(de) H. Cramer, Mathematical Methods of Statistics (Princeton
University Press. Princeton, 1946).

4.1 Mean Value Estimates of Dynamical Response

The mean square pressure in reverberant sound fields
has been studied extensively in

(df) R. V. Waterhouse, "Statistical Properties of Reveterant
Sound Fields", J. Acoust. Soc. Am., Vol. 43, No. 6,
pp 1436-1444 (1968).

Spatial coherence effects in multi-modal response in
the neighborhood of the drive point are discussed in
(bz) and in
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(dg) L. Wittig, "Random Vibration of Point-Driven Strings
and Plates", Ph.D. Thesis, MIT Dept. of Mech. Eng.,
May 1971.

The problem of adequate sampling of a reverberant
field for reducing uncertainty in the energy content
of the field has been discussed by

(dh) R. V. Waterhouse and D. Lubman, "Discrete Versus
Continuous Averaging in-a Reverberant Sound Field",
J. Acoust. Soc. Am. Vol. 48, No. 1 (Pt.1) pp 1-5
(1970).

The beam plate system studied in this section is similar
to that in (as). There has been much confusion regarding
the use of infinite system impedances to evaluate coupling
loss factors in finite systems, as was done in (am, as,
an, aw). Hopefully the discussion in this section will
clarify the procedure. The expression of system strain
in terms of a particle "Mach number" is found in (cd,
ce).

4.2 Calculation of Variance In the Temporal Mean Square
Response.

The analysis of variance is an extensive and important
topic in statistical theory (of, de). The procedures
used in this section were first developed in (ag, ar,
as) and are based on the theory of variance of Poisson
pulse processes as presented in

(di) S. 0. Rice, "Mathematic Analysis of Random Noise".
Contribution to Noise and Stochastic Processes, Ed.
by N. Wax (Dover Publications, Inc. New York, 1954).

The effects of temporal variation in multi dof system
variance are discussed by

(dj) H. Andres, "A Law Describing the Random Spatial
Variation of Sound Fields in Rooms and Its Application
to Sound Power Measurements." Acustica, Vol. 16,
p 278-294 (1965). Translation by '. L. Ver, BBN-TIR-70,
(1968).

Eq. (4.2.9) is found from a relation in (di). Additionol
discussion of the role of mode shapes and sampling
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strategies for locations of excitation and observation
points in affecting response variance may be found
in (as, bz). The use of multiple observation points
or line averages to reduce variance are discussed in
(dh). Modifications to the variance calculation for
non-Poisson intervals between resonance frequencies
are discussed in (bz). Note that the effective number
of modal interactions given in Eq. (4.2.13) is not the
total number of postible interactions NIN2 as suggested
in (cz, da).

4.3 Calculation of Confidence Coefficients

The approach and terminology in this section are taken
from(cf). The gamma and related distributions are
discussed in (cf, de) and in

(dk) E. Parzen, Stochastic Processes (Holden-Day, Inc.,

San Francisco, 1962).

The two particular confidence intervals derived in
this section were first presented in (as, cv). The
incomplete gamma function is discussed in

(dl) A. Erdelyi, et al., Higher Transcendental Functions,
Vol. 2 (McGraw-Hill Book Co., Inc. 1953). Chapter IX.

Ccnfidence coefficients for the determination of
environmental levels based on loads and response data
are used in

(dm) P. T. Mahaffey and K. W. Smith, "A Method for Predicting
Environmental Vibration Levels in Jet-Powered Vehicles",
S. & V. Bulletin, No. 28, Pt. 4, pp 1-14 (1960).

4.4 Coherence Effects,- Pure Tone and Narrow Band Response

The discussion in this section is based on

(dn) R. H. Lyon, "Spatial Response Concentrations in Extended
Structures". Trans. ASME, J. Eng. Ind., November 1967.
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I II
Additional discussion of extreme value statistics
for multi-dimensional sinusoids may be found in

(do) R. H. Lyon, "Statistics of Combined Sine Waves"
J. Acoust. Soc. Am., Vol. 48, No. 1 (Pt. 2)
pp 145-149 (1970).

I
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